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Abstract

Observations that are rounded, mismeasured, missing, or otherwise coarsened can
often be probed through follow-up questions, remeasurement, or linkage across data
sources. This paper develops a framework for selecting which observations to probe un-
der a budget constraint. The value of probing is measured by the reduction in identified-
set diameter, and the cost of probing is obtained by integrating observation-level costs.
For scalar expectations, and for univariate distributions under Wasserstein-1 distance,
identified-set diameter decomposes into additive observation-level contributions. This
decomposition yields a simple optimal rule for data probing: probe observations in
decreasing order of expected diameter reduction per unit cost, until the budget is ex-
hausted. In a counterfactual survey-design application based on Manski and Straub’s
(2000) analysis of worker expectations, targeting follow-up questions to the coarsest 25%
of initially ambiguous responses captures 70% of the identified-set diameter reduction
attainable by questioning all respondents.
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1 Introduction

Empirical data are frequently rounded, heaped, censored, mismeasured, misclassified, or
missing. Following Heitjan and Rubin (1991), I group these processes together under the
common term coarsening and call the resulting data coarse. Data coarsening can leave
statistical parameters only partially identified: knowing the population distribution from
which the observed data are drawn is only sufficient to exclude certain parameter values,
not to point identify a single value. For example, observing exact household incomes point
identifies the mean, whereas observing only the number of households in each of several
income brackets restricts the mean to an interval of possible values.

In certain contexts, data coarsening can be reduced or resolved: ambiguous responses
on surveys can trigger clarifying follow-up questions (e.g. Juster and Smith, 1997); initial
survey nonrespondents can be tracked and an interview reattempted (e.g. Kling, Liebman,
and Katz, 2007); administrative record and survey data can be linked across sources (e.g.
Abowd and Stinson, 2013); audits can identify misreporting (e.g. Kleven et al., 2011); and
self-reports can be compared to objective measures (e.g. Carletto, Savastano, and Zezza,
2013). In this paper, these and similar methods of addressing data coarsening are called
data probing (cf. Manski and Molinari, 2010). Where coarse data give rise to partial iden-
tification, data probing has the potential to sharpen identification. That is, the identified
set for the parameter can be replaced with a proper subset.

Since data probing is costly, in many cases it is infeasible to probe all coarse observations.
The researcher must therefore select which observations to probe. I solve this decision
problem for a class of expectation-based and distributional targets whose identified-set
diameters admit additive pointwise decompositions. To this end, I develop a formal model
of how data coarsening gives rise to partial identification, and how probing can sharpen
identification. The remainder of this section provides a brief outline of that model.

The researcher observes coarse data z, which restrict a latent outcome y to an outcome
set Y (z). These restrictions may come from an explicit reporting or measurement process,
such as interval reporting; or from maintained assumptions, such as bounded measurement
error or a rounding model. Importantly, data ambiguity in the model is strictly observation-
level, in that feasibility constraints are imposed observation-by-observation. This contrasts
with population-level constraints, such as some fraction of the data being drawn from a con-
taminating distribution, and with cross-observation constraints such as y being monotone
in z.

The outcome sets Y (z) determine an identified set for the parameter of interest, which
is the range of parameter values consistent with each latent value being contained within
its respective outcome set. The body of the paper focuses on the case where the parameter
depends on y only through some real-valued transformation g : Zx) — R. If the parameter
is the expectation of g(z,y), then the identified set will be defined by the extreme values of g
on each outcome set. Figure 1 illustrates this for five observations, the function g(z,y) := v,
and outcome sets that are intervals. The extreme values of the expectation are attained
by the distributions that place probability one on the corresponding extreme values of the
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Figure 1: The vertical line segments are the outcome sets Y'(z;). The dashed lines give the lower
and upper endpoints of the identified set, in this case an interval, for E[y]. In the second graph,
observations z2, z4, and z5 have been probed, shrinking the corresponding outcome sets Y'(z;),
thereby sharpening the identified set for E[y].

intervals. In this context, probing a particular data point replaces its outcome set with a
subset. The loss of a probing rule is the expected diameter of the post-probing identified set.
For a scalar expectation and the standard absolute distance on R, the identified-set diameter
decomposes additively into the expected image diameter. The same decomposition extends
to univariate distributions under Wasserstein-1 distance, CDF's and quantile functions under
L' distance, and profiles of conditional parameters under ¢! product metrics. The cost of
probing is assumed to be additively separable across observations, so that pointwise probing
cost can be integrated to obtain total expenditure. This expenditure is then constrained
not to exceed a budget, in expectation. Under these assumptions, the optimal decision
rule is a pointwise threshold rule: probe at z if the ratio of the expected reduction in
diam g({z} xY'(2)) to the cost of probing at z exceeds some threshold, possibly randomising
at the boundary to satisfy the expected-budget constraint.

Related Literature. This paper is most closely related to work in the partial identifica-
tion literature that treats data collection as a formal decision problem. Manski and Molinari
(2008) study whether a survey item should be asked of all respondents, asked only following
a specified response to an opening question, or omitted. They evaluate these designs using
a loss that trades data collection cost against the diameter of the resulting identified set.
In their main analysis, the target is the mean of a bounded transformation of the item
response, cost is proportional to the fraction of respondents queried, and the trade-off is
operationalised by a loss function that sums this cost and the identified-set diameter. This
skip-sequencing problem is a special case of the probing problem: I consider the general
problem of probing in the presence of coarse data, allowing the degree of coarsening, and
the cost and expected effectiveness of probing, to vary over the observed data. I obtain
a pointwise threshold rule that specifies the optimal probing decision at each observation,
generalising the collection of inequalities that define the optimal rule in Manski and Moli-



nari. Additionally, I focus on a budget-constrained formulation of the probing problem; in
this respect, their approach is more closely related to the penalised form of the problem
(see Appendix C).

Dominitz and Manski (2017) allocate a budget between sampling processes that differ
in cost and data quality, focusing on nonresponse and interval-valued measurements. They
choose a sampling design before observing sample draws, and minimise maximum regret
for a downstream prediction problem. Thus, sampling uncertainty and identification un-
certainty are jointly relevant. My analysis differs in three respects. First, coarse data are
observed before a probing decision is made, and probing is conditioned on the observed
values. In particular, this timing allows probing to target realised coarseness at each ob-
servation rather than requiring it to be allocated ex ante across sampling designs based
on the expected coarseness of the data they produce. Second, I abstract from sampling
uncertainty to isolate identification uncertainty. My analysis therefore compares alterna-
tive strategies for reducing identification uncertainty, rather than focusing on the trade-off
between identification and sampling uncertainty. Third, I use the diameter of the identified
set as the objective. Appendix B discusses connections between identified-set diameter and
minimax-regret evaluation of downstream decision problems.

Dominitz and Manski (2022) extend their previous analysis to a two-period panel data
setting with attrition. Tetenov (2012) also studies the trade-off between sampling uncer-
tainty and identification uncertainty, in a Gaussian setting. He shows that the relative value
of reducing each depends on the criterion used to evaluate precision. Dominitz and Sherman
(2004) study how verifying a subset of records sharpens identification under data contam-
ination, building on the model of Horowitz and Manski (1995). Verification is analogous
to probing, but contamination models link observations through population-level mixture
shares. The outcome-set restriction y € Y(z) is instead observation-level, and the pointwise
separability of this restriction is what permits the pointwise threshold rule.

My identification framework combines Heitjan and Rubin’s (1991) model of coarse data
with the partial-identification approach developed by Manski (2003). A large literature
studies partial identification induced by particular forms of data coarsening. Representa-
tive examples include interval-valued covariates or outcomes (Manski and Tamer, 2002);
rounded reports of probabilistic expectations (Manski and Molinari, 2010); survey nonre-
sponse (Horowitz and Manski, 1998); censored outcomes (Khan, Ponomareva, and Tamer,
2011); and misclassified discrete variables (Molinari, 2008). The outcome-set correspon-
dence z = Y (z) is a random set, as are several derived objects such as the outcome-image
correspondence z = g({z} x Y(2)), and the post-probing identified set. Random-set meth-
ods for partial identification analysis are developed by Beresteanu, Molchanov, and Molinari
(2012) and treated in detail by Molchanov and Molinari (2018).



2 Data Coarsening and Partial Identification

Data coarsening is represented by a correspondence that maps each observed value to a
set of latent outcomes that are consistent with the observation. These outcome sets are
defined at the observation level, in the sense that a separate set is associated with each
observed value. Together, the outcome sets determine an identified set for the parameter:
for example, income brackets determine an interval of possible values for mean income.
The identified set is thus defined at the population level, by aggregating observation-level
restrictions over the distribution of observed data.

2.1 Setup

Data. Lety € Y C R% denote a latent outcome of interest.! The researcher observes
z € Z C R with distribution P. The observable z may include a reported outcome,
covariates, observation-process information, and variables that determine probing cost. Ex-
amples of observation-process information include indicators for missingness or other coars-
ening, information about the data source or measurement device, and flags for imputation,
editing, or record linkage. Let R denote the unobserved joint distribution of (z,y), with
z-marginal R, = P. Individual observational units, which may share a common z, are re-
ferred to as units. The observable z encodes all information available to distinguish units.
A low-resolution z sorts the units into a small number of bins; a sufficiently detailed z could
make all units observationally distinguishable. The analysis abstracts from sampling un-
certainty in order to isolate identification uncertainty, taking the population observed-data
distribution P as directly observed, rather than merely estimated.

Outcome sets. FEach z determines a nonempty outcome set, Y (z) C ), consisting of
those y-values consistent with the observed z and maintained assumptions about the form
of data coarsening.? The outcome set restriction is

R(y € Y(2)) = L.

The outcome-set correspondence Y : Z = ) maps observables z to outcome sets for y.
Since z is a random variable, Y (z) is a random set.

Ezample 1 (Interval-valued data). Suppose that z := (y*,yY) € R? and y* <y < yY
R-a.s. The outcome set is

Y (", y") =" yY].

Remark 1 (Outcome sets from reporting models). I treat outcome sets as primitives, but
they can be derived from an explicit measurement or reporting model. Suppose Rep :

! Throughout the paper, random variables are denoted by upright bold characters, and their realisations
by italic, non-bold characters; for example, z has realisation z.

2Regularity conditions ensuring measurability and existence of measurable selections are discussed in
Appendix A but omitted from the main text.



Y x X x & — Y°P maps the latent outcome y, a covariate vector x, and an unobservable
disturbance €, to a reported outcome y°Ps. Then the outcome sets are

Y(y*,x) = {y € V| Rep(y, z,) = y°* for some ¢ € &}.

Identified set. Let R(Y,P) denote the set of distributions on Z x ) that are consistent
with the observed distribution P and the outcome-set correspondence Y,

R(Y,P):={Re€P(ZxY)|R, =P, R(ycY(z)=1},

where P(Z x ) is the set of Borel probability distributions on Z x Y. Let (7,d) be a
metric space. For a parameter 7 : R(Y,P) — T, the identified set is

©,(Y,P) == {7(R) | Re R(Y,P)}. (1)

That is, it is the image of R(Y,P) under the parameter mapping. When 7 is understood,
write (Y, P).

Identified-set diameter. The imprecision of the identified set (1) is measured by its
diameter,

diamy ©(Y,P):= sup d(0,0").
0,0'cO(Y,P)

Why diameter? Diameter is a natural measure of identification uncertainty for three
reasons. First, it is a standard and intuitive measure of set size. Second, for scalar ex-
pectations, and for the larger collection of parameter-metric pairs given in Section 4.1,
identified-set diameter decomposes into the expected image diameter, which permits the
simple threshold form of the optimal probing rule. Third, diameter has a decision-theoretic
interpretation, developed in detail in Appendix B, and briefly summarised here. If the
identified set is used in a downstream minimax-regret point-estimation problem, the value
of that problem is bounded above and below by monotone functions of the identified-set
diameter (Proposition B.3). A related robustness result holds when the downstream deci-
sion problem is unknown but belongs to a sufficiently rich uniformly equicontinuous class
(Proposition B.1).

Diameter is not always the appropriate criterion. In some applications, the researcher
may care about the location of the identified set rather than its size; for example, whether the
identified set for a treatment effect lies entirely above or below a known policy threshold. In
such cases, tightening the identified set matters only insofar as it excludes decision-relevant
regions of the parameter space. However, when the relevant threshold or downstream
decision is itself uncertain, diameter again becomes a defensible criterion. Proposition B.2
formalises this point for downstream binary treatment-choice problems.



2.2 Identified-Set Diameter Decomposition

Proposition 1 (Identified-set diameter decomposition). Let g : Z x Y — R be a bounded
measurable function, and let the target parameter be 7(R) := Er [g(z,y)]. Then

diam ©(Y,P) = Ep [A(z)], A(z) :=diamg({z} x Y(2)).

Proof. See appendix. O

Remark 2. Proposition 1 is closely related to the support function characterisation of a
selection expectation; see Molchanov (2017, Theorem 2.1.35) and Molchanov and Molinari
(2018, Theorem 3.11 and Example 3.14).

Remark 3 (CDF values and conditional expectations). Proposition 1 applies to many famil-
iar scalar targets. For example, if y is real-valued, taking g(z,y) := 1{y < t} gives the CDF
value R(y < t); and if P(C) > 0, taking g(z,y) := 1{z € C'}y/P(C) gives the conditional
expectation Er[y | z € C].

In general, we work with the diameter of g({z} x Y'(z)), not with the diameter of Y'(z)
itself. However, when y is real-valued, ¢g(z,y) = y recovers the diameter of Y (z) as a special
case.

Ezample 2 (Image diameters of equal-width intervals). Suppose that z includes component
yY > 1. Let Y(z) := [y¥Y — 1,9Y], so that every outcome set has diameter one. The
corresponding image diameters need not be constant. For example, if g(z,y) = logy then

A(2) = log (y[ﬁi 1)

is strictly decreasing in yV. Alternatively, if g(z,y) = w(z)y, where w(z) > 0 is a sample

weight, then
A(z) = w(z)

varies with the sample weight.

3 Probing

3.1 The Probing Decision Problem

Probing. Probing a data point with initial observed value zy replaces the observed value
with a refined observation (zg,21) € Z9 X 21 C R?%201921 | and replaces the outcome set
Yo(z0) with a refined outcome set Y7 (20, 21) C Yy(20). If probing exactly recovers the true
latent outcome, the post-probing set will be a singleton.

The refinement z; could be the latent outcome ¥y, a sharper approximation of y, or
additional information about the reporting process. The post-probing outcome-set corre-
spondence Y7 : Zyx Z1 == ) is known at the time the probing decision is made. The realised



set Y71(zp, 2z1) is determined once the refinement z; is observed. Denote the pre-probing im-
age diameter by

Ag(zp) := diam g({z0} x Yo(20)),

and its post-probing counterpart by
Aq(zp,21) := diam g({z0} X Y1(20, 21))-

Let Pg; denote the joint distribution of (zg,z1), with zg-marginal Py. Write Ey and Egy
for the corresponding expectations. The researcher is not assumed to know the full Pyq:
such knowledge would eliminate the need for probing. However, the researcher is initially
assumed to know the induced conditional expected post-probing diameters,

Aq(z0) == Eo1[A1(20,21) | 2o = 20 .-

Section 4.2 considers the case in which A is unknown and must be estimated.?

A nonrandomised probing rule is a measurable function ¢ : Zy — {0, 1} specifying which
observations to probe. It can be identified with a measurable probing region, C C Z, the
set on which the rule takes value one. Randomised rules ¢ : Zy — [0,1] are then defined
by*

¢(z0) = Y a;1{z0 € Cj}, (2)
j=1

where q1,¢s,... are nonnegative and sum to 1. Denote the space of all such rules by
® C [0,1]%°. Lemma A.5 in the appendix shows that ® is exactly the set of all measurable
functions from Zj into [0, 1].

Ezample 3 (Skip-sequencing). Manski and Molinari (2008) study skip-sequencing in sur-
veys. A response zp € {0,1} to an opening question determines whether a follow-up ques-
tion is administered. Let ¢(zp) = 1 indicate that all respondents with opening response zg
receive the follow-up, and let ¢(zp) = 0 indicate that none do. The rule

#(20) = 1{z = 1}

implements skip-sequencing: only respondents with zy = 1 are asked the follow-up. The
rule ¢ = 1 administers the follow-up to every respondent; ¢ = 0 administers it to none; and
¢ = 1/2 administers it to each respondent with probability 1/2.

3In some settings, knowledge or learnability of A; implies knowledge or learnability of conditional ex-
pected probing outcomes before probing. In such cases, the probing rule provided in Theorem 1 minimises
diameter of an outer set for the parameter which may not necessarily be the sharp identified set.

4Strictly speaking, a randomised rule should also specify joint probing probabilities across observations.
The discussion preceding Lemma A.5 defines randomised rules in this more general way; Lemma A.8 then
shows that only the marginal probing probabilities ¢(zo) are decision-relevant.



For any probing region C' C Zj, define the induced outcome-set correspondence

Yo(20), 20 ¢ C,
Yi(20,21), 20€C,

Yo(zo,21) := {

and image diameter

Ao (20), 29 ¢ C,

Ac(zo,21) :=
clz0,21) {Al(zo,zl), zp € C.

Assumption 1 (Additive diameter decomposition). The parameter-metric pair (7,d) ad-
mits the additive diameter decompositions
diamgy O, (Yp, Po) = Eo [Ao(20)] ,
and for every probing region C' C 2,
diamg ©,(Ye, Po1) = Eo1 [Ac(zo,21)] -

By Proposition 1, this assumption is satisfied by the absolute distance on R and the scalar
expectation target

7(R) := Er [9(20,Y)],

for any bounded measurable real-valued g. Section 4.1 gives a larger collection of parameter-
metric pairs for which the assumption holds.

Loss function. Define the loss of nonrandomised probing rules by
L(1¢) := diamg @T(Yc, POI)-

This loss can be extended to randomised rules (2) by writing

o

L(¢) := ) _ g;diamg ©,(Yg,, Por).

j=1
Budget constraint. The researcher faces the expected budget constraint

Eo[c(z0)¢(z0)] < b

for some b > 0 and some pointwise cost function ¢ : Zy — Rs¢ that is positive, bounded,
and measurable. Denote the set of ¢ € ® that satisfy this budget constraint by ®;,. When
¢ is nonrandomised and pointwise costs are deterministic, this is also the ex-post realised
cost.

10



3.2 Optimal Probing

Marginal value. The marginal value of probing at zg € Z is
v(z0) := Ao(20) — A1(20).

It is the expected reduction in image diameter from probing at zp. Lemma A.8 gives the
decomposition

L(¢) = Eo1 [A1(z0,21)$(20) + Ao(2z0)(1 — ¢(20))]
= Eo [Ao(z0)] — Eo [v(z0)9(20)] - (3)

Theorem 1 (Optimal probing rule). Under Assumption 1, the problem

d)igq{b L(¢)

is solved by ¢* € @y, if and only if, for some \* = 0 and some measurable v* : Zy — [0, 1],

¢*(20) = 1 {”(ZO) > /\*} vt (20)1 {”(ZO) - )\*} Po-a.e. (4)

c(20)

and

A" (b — Eo [¢(20) 9" (20)]) = 0.
Proof. See appendix. The proof uses the loss decomposition (3) to show that minimising

L(¢) is equivalent to maximising Eg [v¢]. When Eg[v] > 0, it defines probability measures

EO [U].A]
Eo [’U] ’

EO [C].A]
EO[C] ’

Py(A) := P.(A) :=
under which this maximisation problem becomes a most-powerful-test problem that is solved
using the Neyman-Pearson Lemma (Lehmann and Romano, 2022, Theorem 3.2.1). O

Remark 4 (Neyman-Pearson interpretation). Under the corresponding measures, v/c is the
analogue of a likelihood ratio, and the budget is the analogue of a size constraint. That
the Neyman-Pearson lemma can be used to solve general economic problems has previously
been demonstrated by Berliant (1984), in the context of a consumer’s decision to purchase
land.

Remark 5. Appendix A.4 includes several corollaries to Theorem 1. Corollary A.1 says
that the optimal probing rule can always be implemented by randomising over at most two
nonrandomised rules. Corollary A.2 says that if the restriction of Py to the boundary set
{v/c = \*} is nonatomic, then randomisation can be replaced by deterministically probing
a subset of the boundary. When probing costs are deterministic, this purified rule also
solves the corresponding hard-budget problem (see Remark 11). Corollary A.3 generalises

11
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Figure 2: Visualisation of Theorem 1. Each rectangle represents a bin of observational units with a
common marginal diameter reduction per unit cost, v/c. The height of the rectangle is this common
ratio; the width is the expected cost of probing the entire bin. Bins are ordered from left to right
by decreasing v/c, so a point on the horizontal axis records the cumulative expected cost of fully
probing all bins to its left and, when it intersects a bin, the indicated fraction of that bin’s cost.
The optimal rule probes all observations satisfying v/¢ > A*, and randomises as necessary in the
boundary bin v/c = A* to exhaust the budget b. Corollary A.2 in the appendix says that, if the
distribution of observational units within the boundary bin is nonatomic, randomisation can be
replaced by deterministically probing a subset of the bin.

Theorem 1 to settings in which probing decisions cannot be chosen observation-wise, but
instead must be conditioned on some coarsening of the observed data. For example, a
researcher faced with individual-level survey data may have to choose which of a small
number of geographical regions to target for follow-up. Corollary A.4 extends Theorem 1 to
a setting in which the researcher faces additional linear probing constraints, such as fairness
requirements or capacity constraints.

Selectively targeted probing improves on untargeted probing when the marginal value-
cost ratio v/c varies across observations. Denote the expected cost of probing all observa-

tions by
bU = Eo[C(ZO)].

For b € [0,bY], define the value function
L*(b) := inf {L(¢) | Eo[c(z0)¢(20)] < b}

Write L(0) and L(1) for the losses under no probing and full probing, respectively, and
suppose L(0) > L(1).
Proposition 2 (Value of targeting). L* is weakly decreasing and convez, and

L(0) ~ L*(8) > - (L(0) ~ L(1))

12



for every b € [0,bY]. For any interior b € (0,bY), this holds with equality if and only if there
exists t > 0 such that

=1t Pg-a.e.

Proof. See appendix. ]

Remark 6 (Inequality and targeting gains). Proposition 2 establishes that targeting has
value at an interior budget whenever v/c varies across responses. Corollary A.5 in the
appendix shows that greater inequality in the cost-weighted distribution of v/c, in the sense
of Lorenz dominance, permits a greater share of full-probing gain to be attained at each
budget share.

Remark 7 (The scope of the probing model). The pointwise threshold form of the optimal
probing rule results from an additive decomposition of both loss and expenditure across
observations. Several features of the model permit this decomposition.

(i) Identification restrictions are imposed at the level of the observation: each zy de-
termines an outcome set Yp(zp), with no restrictions linking latent outcomes across
observational units.

(ii) The parameter-metric pair admits the additive decomposition of identified-set diam-
eter in Assumption 1. Remarks A.2 and D.1 in the appendix illustrate settings where
this decomposition fails.

(iii) Probing is pointwise and one-shot: a probe refines only the outcome sets of the probed
units, and all probing decisions are made before any probe outcomes are observed.

(iv) Total cost is additive across observations, and the budget is imposed in expectation.

Absence of these features implies that the threshold rule in Theorem 1 need not be optimal,
but does not necessarily preclude computation of an alternative optimal probing rule. For
example, in Remarks A.2 and D.1, the number of nonrandomised probing rules is sufficiently
small that their costs and post-probing diameters can be enumerated and compared.

4 Extensions

4.1 Other Parameter-Metric Pairs

Let g : Zx )Y — R be a bounded measurable function, and recall that A(z) := diam g({z} x
Y (z)). Denote the closed convex hull of g(Z x )) by G C R. A researcher may be interested
in learning about the full distribution of g(z,y) rather than only its mean. Write g4R for
the distribution of g(z,y) induced by (z,y) ~ R, and denote the corresponding CDF and
quantile function by

Fr(t) :=R(g(z,y) < t), Qr(a) :=inf{t € G| a < Fr(t)}.

13



Equip the space of Borel probability measures P(G) with the Wasserstein-1 distance,

Wil v) = inf / it — | dn(t, 5),
nell(pv) Jgxg

where II(u,v) is the set of all couplings between p and v. The Wasserstein-1 distance

between two distributions is the minimum average distance through which probability mass

must be transported in order to convert one distribution into the other (see Villani, 2009,

Definition 6.1). For any interval Z C R, define the L!(Z) distance by

11— Fall e = / Fu(8) — Fa(t)]dt.

Proposition 3 (Distributional targets). Let the target parameter be 7(R) := gxR and equip
P(G) with the Wasserstein-1 metric. Then

diale @dis(}/a P) = EP[A(Z)]

Equivalently, if the target parameter is the CDF Fr € L'(G) or the quantile function QR €
L([0,1)), then

diale(g) @Cdf(K P) = diale([oJ]) @qnt(K P) = EP[A(Z)]
Proof. See appendix. ]

Because Proposition 3 applies to every outcome-set correspondence, these parameter-
metric pairs satisfy Assumption 1. The corresponding probing problems are therefore solved
by the optimal rule obtained in Theorem 1.

Remark 8 (CDF and quantile function versus CDF values and quantiles). Targeting the
CDF Fr or quantile function Qr as an object in L'-space is distinct from targeting a
particular CDF value Fgr(t) or quantile Qr() as an object in R. A CDF value can be
targeted by taking the expectation of 1{g(z,y) < t}. This transformation changes the
image diameter A(z), so targeting Fr(t) = Er[1{g(z,y) < t}] is not, in general, equivalent
to targeting Er[g(z,y)], even though targeting the entire CDF under the L' metric is. An
individual quantile does not generally admit a representation of the form Eg[g(z,y)] and
therefore cannot generally be targeted using the scalar expectation framework.

Remark 9 (Other probability metrics). Let dry and dg be the total variation and Kol-
mogorov distances, respectively. Corollaries A.6 and A.7 in the appendix show that under
strong additional geometric restrictions,

diadev @dis(Y7 P) = diade @diS(K P) = P(A(Z) > 0).

Remark A.2 gives a simple case in which additive decomposition fails under several metrics,
including Kolmogorov distance and Wasserstein-p distances with p > 1.

14



Let C1,...,Cy be measurable subsets of Z, with p; := P(C;) > 0. These sets need not
be either disjoint or exhaustive. A profile of conditional parameters—expectations, distri-
butions, CDFs, or quantile functions—collects the J parameters obtained by conditioning
on each of these sets. Let wy,...,ws > 0 be positive weights, and equip the space of condi-

tional profiles with the w-weighted ¢! product metric dy . induced by the component metric

d,
J

diw(z, ') = Z wjd(xj, 7).
j=1

We thus define || - ||1,4, Wi,1,0, and Liw(z)-

Proposition 4 (Conditional-parameter profiles). Let the target parameter T be a finite
profile of conditional expectations, of conditional distributions, of conditional CDFs, or of
conditional quantile functions. Let the metric dy  be || ||1,w, Wi1,w, Liw(g), or Liw([o, 1)),
respectively. Then

J
diamg, , ©,(Y,P) = Ep [3(2)A(z)],  @(z):=Y %1{2 Xeny
j=1 7
Proof. See appendix. O

Remark 10 (Equivalence under cell-probability weighting). If C1,...,C; form a partition
of Z and w; = p; for every j, then @ = 1 and so

diamg, , ©,(Y,P) = Ep[A(2)].

In this case, the conditional-profile criterion coincides with the unconditional criterion in
Proposition 3.

4.2 Finite-Population Implementation

This section specialises the model to a finite population of distinguishable observational

1
PO = nz;ézoia
1=

where J,,, denotes the degenerate distribution that places probability 1 on zp;. The target

units zg;, ¢ = 1,...,n. Write

parameter is
1 n
Erlg(z0,y)]:= > g(z0i, i)
i=1
Denote also

Agi := Ao(204)s Aqi = Ay (204, 214), Ay, = Ay (200),

V; = v(zm), Cij i = C(ZOi)a ¢z’ = ¢(ZOZ')-
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The finite-population problem is

1 o 1 ¢
H?qlejX E ;%(JSZ s.t. ﬁ ;CZ¢Z <b

Algorithm 1 Finite-population implementation

1: For each unit i = 1, ..., n, compute Ag;, compute or predict Ay;, and set v; 1= Ag; —A1;.

2: Sort units with v; > 0 by decreasing v;/¢;.

3: Probe in this order, until either the budget has been exhausted or no positive-v; units
remain. If necessary, randomise at the boundary v;/¢; to exactly exhaust the budget.

When Ay;, and hence v;, must be estimated, the resulting plug-in rule need not coincide
with the oracle rule above. The next proposition bounds the excess loss of the plug-in rule
in terms of the estimation error in v; at units where the plug-in differs from the oracle rule.

Proposition 5 (Plug-in performance). Fori = 1,...,n, let v; > 0 be an estimate of v;.
Suppose that

- 1 e
¢ € arg max Ez_:mgbz

PEDy,

Then
(i)
o; —

M@—Lwﬂ<izy@—m-

(i) Moreover, if(E costs at least as much as ¢*, then

L(¢) — L(¢*) < inf - Z ¢
@)-Le) < inf :
h weakly increasing

2 (@)

(iii) In particular, if qg costs at least as much as ¢* and there exists a weakly increasing

h:R>9 — Rx¢ such that
w:h<@>
C; C;

for every i with ¢ # ggi, then

Proof. See appendix. O
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Remark 11 (Hard budgets). The threshold rule solves the expected-budget problem. If the
rule randomises, or if pointwise costs ¢; are the expectation of underlying stochastic costs,
then a rule that satisfies the budget in expectation may violate it for a particular realisation.
Suppose instead that probing costs are known and deterministic, and that realised average
cost must not exceed the budget ex post. Then there is no value in randomisation, so an
optimal rule satisfies ¢; € {0,1} for every i and the problem becomes a 0-1 knapsack. If
costs are uniform,
c:=c =" = Cp,

then this knapsack problem is solved by probing in decreasing order of v;/¢; until either all
units with v; > 0 have been probed or the remaining budget is insufficient to probe further,
breaking ties arbitrarily. This solution differs from the expected-budget threshold rule only
at the boundary v;/¢ = \*: rather than randomising, it deterministically probes boundary
units until the remaining budget is less than ¢/n.

If costs are heterogeneous, probing in order of v;/¢; is not necessarily optimal; standard
algorithms for the 0—1 knapsack problem can be used instead (e.g. Martello, Pisinger, and
Toth, 1999; Pisinger, 1997). However, the expected-budget solution provides a uniformly
close approximation in large finite populations. By Algorithm 1, we can choose an expected-
budget optimal rule ¢* that randomises at no more than one unit. If ¢* does not randomise,
then it also solves the hard-budget problem. Suppose, then, that ¢* randomises at unit j.
Let ¢° be obtained from ¢* by setting ¢; = 0. Since ¢° is hard-budget feasible,

¢§Uj maXi=1,.n Vi

0< Liklard(b) - L*(b) < L(¢0) - L(¢*) = n < n )

where Lj_ (b) is the lowest loss attainable with hard budget b. Since g is bounded, the
fraction on the right-hand side is O(n~!), uniformly over budgets b.

5 Survey-Design Applications

I consider two retrospective counterfactual survey-design problems using data from the
Survey of Economic Expectations (SEE), a cross-sectional telephone survey (Dominitz and
Manski, 2004). The first problem concerns perceived job insecurity and follows Section 111
of Manski and Straub (2000); the second concerns stock-return expectations and relates to
Section 2.2 of Dominitz and Manski (2011). The two problems illustrate distinct sources
of probing value: heterogeneity in initial data coarseness versus heterogeneity in probing
effectiveness.

5.1 Perceived Job Insecurity

Section IIT in Manski and Straub (2000) examines perceived job insecurity. To replicate the
authors’ original analysis sample, I use only the first eight waves of the SEE, collected from
1994 to 1998, and follow their sample restrictions in including only those respondents who
provided valid responses to all three job-expectations questions and to the demographic
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questions used in their analysis. This leaves n = 3,561 employed respondents with full
responses. My replication recovers the original study’s reported descriptive statistics up to
rounding.

Employed respondents reported the percent chance that they would lose their job over
the following 12 months; and the percent chance that, conditional on such job loss, the job
they subsequently find and accept would be at least as good as their current one, in terms
of wages and benefits. Denote the reported job-loss chance by loss; and the reported search-
outcome chance by find;. Manski and Straub define a composite measure of perceived job
insecurity,

. loss; (100 — find;)
Ins; = .
100

This is the implied percent chance that “a worker will lose his job in the year ahead and

subsequently not obtain a position of comparable economic value.” They then analyse
differences in perceived job insecurity by age, schooling, sex, race, survey wave, and whether
the respondent is self-employed.

Suppose instead that the search-outcome question find; were asked only of a subset of
respondents to the prior job-loss question loss;. Absent find;, loss; defines an outcome set
for ins;,

Yo: = [0, loss;],

with diameter
Agi = |OSSZ'.

I treat find; as a probe which replaces Yy; with a singleton,
Yh' = {insi}, Ah‘ =0.

The initial target is mean job insecurity in the sample,

n

1 :
0 := - Z ins;.
=1
If find; is elicited from a subset A of respondents, then the identified set for 6 is

[; S insi, <Zinsi " stsi)] ,

icA icA igA

% Z loss;.

The initial identified-set diameter is % >oi loss; = 14.73, and full probing reduces it to 0.
With uniform probing cost, the optimal rule probes in decreasing order of loss;:

which has diameter

¢F = {loss; > N} + 47 1{loss; = \*},
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where v € [0, 1] is chosen to satisfy the expected-budget constraint. Of the 3,561 respon-
dents, 1,206 (33.9%) report loss; = 0. For these respondents, ins; = loss; = 0, so probing is
unnecessary. I therefore focus on the remaining 2,355 respondents with Ag; = loss; > 0.

The top panel of Figure 3 plots the identified interval for mean job insecurity against
the share of positive-Ag; respondents probed. Because probing costs are uniform, this share
is proportional to the budget. The lower panel plots the corresponding diameter. The
diagonal line gives the expected identified-set diameter under random probing among these
respondents. The convex curve below gives the corresponding diameter for the optimal
probing rule. Their vertical separation thus measures the additional reduction in identified-
set diameter from optimal rather than random probing. Table 1 gives the identified-set
diameter and the share of full-probing gain attained at selected probe shares. At a 25%
probe share, for example, the optimal rule captures 70% of the diameter reduction attainable
under full probing.

Probe share (%) diam © (pp) Gain share (%)
10 9.08 38.3

25 4.42 70.0

50 1.52 89.7

75 0.39 97.4

100 0.00 100.0

Table 1: Identified-set diameter and gain share for mean job insecurity under optimal probing.
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Figure 3: Identified interval for mean job insecurity (top) and identified-set diameter (bottom) under
optimal and random probing. Random-probing paths are averaged over realisations.
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Manski and Straub report several qualitative findings about how worker perceptions of
job insecurity vary with demographic factors. These include:

> Job insecurity tends not to vary with age.

> Job insecurity tends to decrease with schooling.

> Job insecurity varies little by sex.

> Job insecurity of Black workers exceeds that of White workers.

> Workers who are self-employed or work in a family business report less job insecurity
than those who work for others.

> Workers reported higher job insecurity in 1995 than other survey years.

By Proposition 4, probing in decreasing order of

~ ~ J 1{zp; € Cj}

w; - loss;, w; ]Z; Po(Cy) (5)
is optimal for targeting conditional-mean profiles under unweighted ¢!-distance. By Propo-
sition A.1 in the appendix, this rule with J = 2 is also optimal for probing conditional
mean contrasts between disjoint cells. Table 2 evaluates these rules by the share of positive-
Ag; respondents probed before each conclusion is recovered. It compares these with the
corresponding shares for the unconditional-mean rule and random probing. It also reports
Spearman’s rank correlation between the respondent rankings specified by the uncondi-
tional rule and those specified by each conditional rule. The conditional rule for “Varies
little by sex” probes in an order almost identical to that of the unconditional rule (Spear-
man’s p = 0.993). This is because the male and female categories partition the respondent
population into two nearly equal shares, so the unweighted and cell-weighted ¢' distances
are nearly proportional. By Remark 10, the latter yields the same probing criterion as the
unconditional mean. In contrast, the Black and White racial categories are non-exhaustive
and highly imbalanced, with White respondents outnumbering Black respondents by a fac-
tor of about 13. As a consequence, the conditional rule for “Black > White” departs
substantially from the unconditional rule (Spearman’s p = 0.806). Figure 4 shows the
corresponding identified-interval and diameter curves for the Black-White mean contrast,
comparing the rule that directly targets the contrast with the unconditional-mean rule and
random probing.

Manski and Straub (2000) also report a mean best linear predictor (BLP) of job inse-
curity. I retain the specification given in their Table 5: regressors are the binary indicators
for age, schooling, sex, race, self-employed, working for family business, and survey year.
Let z; = z(z0;) € R” contain those regressors and an intercept term. Let

n
1 T
Q= — i,
n <
=1
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Figure 4: Identified interval for the Black-White mean job-insecurity contrast (top) and identified-
set diameter (bottom) under alternative probing rules. Random-probing paths are averaged over

realisations.
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Probe share (%) to recover conclusion

Rank  Conditional Uncond. Random
Conclusion COTT. rule rule probing
Varies little with age 0.956 86.9 90.5 99.4
Decreases with schooling 0.952 48.7 50.8 91.6
Varies little by sex 0.993 68.1 69.4 96.2
Black > White 0.806 12.9 24.1 72.9
Higher if work for others 0.885 28.4 324 80.4
Highest in 1995 0.968 57.1 58.0 94.0

Table 2: Probe shares required to recover selected conclusions of Manski and Straub (2000). Shares
are relative to the 2,355 respondents with loss; > 0. Signed differences are recovered when the
identified set for the contrast excludes zero; for multiple contrasts, the same criterion is applied to
each component pairwise contrast. Approximate equality by sex is recovered when the identified
set for the contrast is contained in [—1, 1]; for age, the same criterion is applied to all six pairwise
contrasts among the age groups specified by Manski and Straub (2000). When probing involves
randomisation, the identified sets are averaged at each probe share. Rank corr. reports Spearman’s
rank correlation between the conditional and unconditional probing orders.

be nonsingular. For j =1,...,J, define
1 n
gj(ZOi, insi) = e;rQ_ll‘(ZOi) . insi, ,Bj = g Z;gj (ZOi7 insi).
1=

For fixed j,
95 ({z0i} x Yoi) , Yoi = [0, loss;],

has diameter
—1
Ajoi = le; Qx| - loss;.

Eliciting find; reveals ins; and hence g;(zo;,ins;). For coefficient j, the optimal rule probes
in decreasing order of Aj ;. Table 3 compares three rules by the share of full-probing gain
attained with 25% of positive-loss; respondents probed. The BLP rule targets the coefficient
directly, using the ordering just described. The contrast rule targets the corresponding
unadjusted conditional mean contrast, initially probing in order of w; - loss;, where ; is the
weight defined by (5), for J = 2. After exhausting the two comparison groups, it probes
the remaining respondents in order of loss;. The unconditional rule probes all respondents
in order of loss;. The first two rules are specific to each target coefficient; the unconditional
rule is not. The BLP rule captures 70-95% of the full-probing gain across coefficient targets.
The contrast rule performs slightly worse for every coefficient, while the unconditional rule
performs substantially worse again for most coefficients.
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Gain share (%) with 25% probed

Coefficient BLP rule Unadjusted Unconditional
contrast rule rule

Age

18-34 88.4 84.0 76.2

3549 87.1 83.4 75.8

50-64 94.0 91.6 76.3
Schooling

No postsecondary 81.1 80.9 71.7

Some postsecondary 78.7 78.6 69.4
Sex

Female 70.1 70.0 70.0
Race

Black 86.8 86.2 75.3

Other 83.5 82.8 71.4
Employer

Self 79.2 76.7 70.7

Family 81.6 80.2 70.9
Year

1994 93.8 93.4 66.8

1995 93.5 92.9 68.4

1996 91.7 91.0 65.6

1997 95.0 94.7 67.2

Table 3: Gain shares for BLP coefficients under alternative probing rules, with 25% of the 2,355
positive-loss; respondents probed. The respective reference categories are age 65+, bachelor’s degree,
male, White, works for others, and 1998.
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5.2 Stock-Return Expectations

In the above job-insecurity application, probing fully resolves coarseness. This second appli-
cation considers a setting in which probing can fail. Following Dominitz and Manski (2011),
I use waves 12 through 14 of the SEE, consisting of 1,651 respondents. These waves asked
respondents to report the percent chance that a $1,000 investment in a diversified stock
mutual fund would be worth more than $1,000 one year later. Call this their subjective
probability of positive nominal return and denote it pnr,. The target parameter is the mean
of pnr; in the sample. Suppose, counterfactually, that the researcher selectively elicited
pnr; as a probe. Assume uniform probing cost across respondents. Before probing, each
respondent’s pnr; is unobserved and so Yy; = [0,100]. If probing elicits a valid response,
this set is replaced with a point value; if probing fails, the original uninformative outcome
set is returned.® That is,

{pnr;},  probing succeeds,
[0,100], probing fails.

1i —

Because initial coarseness is common across respondents, variation in probing value arises
entirely from variation in the probability of success. This probability is unknown when the
probing decision is made. I assume, however, that the researcher can observe, and condition
probing on, responses to earlier parts of the survey.% I estimate probing success probability
conditional on earlier responses using cross-fitted ridge regression.” Table 4 compares the
performance of the plug-in probing rule that uses these estimates with untargeted probing
and an infeasible oracle rule that conditions probing on realised probing success. The plug-in
rule performs reasonably well, particularly at smaller probe shares: for example, it captures
2/3 of the oracle gain over untargeted probing when 25% of respondents are probed. Note
that full probing leaves residual identified-set diameter 25.9 due to nonresponse. Figure 5
shows the corresponding diameters.

°In the survey, the $1,000 threshold was one of several thresholds respondents were asked to consider.
I judge the probe successful if a response was provided for the $1,000 threshold, or if the answer to the
$1,000 threshold question was implied by a reported zero percent chance of the stock return exceeding some
threshold less than $1, 000.

SSpecifically: respondents’ age, education level, sex, race, employment status, marital status, home-
ownership status, individual income, and survey wave; and for each of the five expectations modules that
appeared in the survey before pnr; (the weather, crime, health insurance, employment, and income modules),
an indicator for at least one nonresponse in that module.

I use repeated five-fold cross-fitting. For each of these five outer folds, the ridge penalty is selected
by minimising mean squared prediction error in an inner five-fold cross-validation conducted on the other
four folds. Respondents are ranked within each held-out outer fold, with the probing budget allocated
proportionally across folds, up to integer rounding. Results average over 100 partitions.

25



Full-probing gain share (%)

Random Plug-in Ex-post

Probe share (%) probing rule oracle
10 10.0 12.7 13.5

25 25.0 30.8 33.7

50 50.0 59.5 67.4

75 75.0 83.2 100.0

Table 4: Gain shares for mean subjective probability of a positive nominal stock return under
alternative probing rules. Probe shares are relative to all 1,651 respondents. Plug-in entries average
over 100 cross-fitting partitions; random-probing entries are expectations.

Identified-set diameter (pp)

>

0 T T T T
0% 20% 40% 60% 80% 100%

Share of respondents probed

--- Plug-in rule = —— Ex-post oracle - Random probing

Figure 5: Identified-set diameter for mean subjective probability of a positive nominal stock return
under alternative probing rules. The path for random probing is the expectation over realisations.
The path for the plug-in rule is averaged over 100 cross-fitting partitions.
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6 Conclusion

I study the allocation of a limited budget to optimally probe coarse observations. The
goal is to minimise identification uncertainty, measured by the diameter of the identified
set. I determine a collection of parameter-metric pairs for which the identified-set diameter
decomposes into the expectation of observation-level coarseness, as measured by image
diameter. When probing cost also decomposes additively over observations, the optimal
rule takes a simple form: probe observations in decreasing order of expected diameter
reduction per unit cost, randomising when needed to exhaust the budget.

I apply this rule to two retrospective counterfactual survey-design problems. Both appli-
cations demonstrate that selectively targeted probing can significantly reduce identification
uncertainty relative to untargeted probing. The job-insecurity application shows that the
choice of target parameter can be important, changing the value of probing particular ob-
servations and thereby changing the optimal rule. The stock-return application shows that
a plug-in rule using predicted probe effectiveness can improve on untargeted probing even
when initial coarseness is identical across respondents.
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A Proofs and Related Results

A.1 Notation

Notation Meaning

B(X) Borel o-algebra on a topological space X

P(X) Family of all Borel probability measures on X
E, Expectation under probability measure p

diamg A Diameter of set A under metric d

clA, conv A Closure and convex hull of A

zcZ, ye) Observed data and latent outcome

Zg € 2 Pre-probing observed data

71 € 2% Probing outcome or refinement

P Generic observed-data distribution

Po Observed distribution of the pre-probing data zg
Po1 Joint distribution of (zg, z1), with zo-marginal Pg
Eo, Eo1 Expectations under Py, Py, respectively

Y (2) Generic outcome set

YO(ZU), YI(ZO»Zl)

Yo (20, 21)
9Y(2), 9%(2)
A(z)

Ao(20), A1(z0,21)

Pre- and post-probing outcome sets

Outcome set induced by probing region C'

Supremum and infimum of g({z} x Y (2))

Image diameter, diam g({z} x Y (z)), up to P-a.e. equality
Pre-probing and realised post-probing image diameters

Aq(20) Conditional mean post-probing image diameter

Ac(zo,21) Image diameter induced by probing region C'

v(20) Marginal value of probing, Ag(z9) — A1(20)

ReR(Y,P) Admissible joint distribution of observed and latent data

0.,(Y,P) Identified set for target parameter 7(R)

C € B(2)) Probing region, inducing the nonrandomised rule 1¢

(g5, Cj)jen Countably supported randomised probing rule, with E]Oil g =1

oD, Dy Measurable behavioural probing rules ¢ : Z; — [0,1] and the
budget-feasible subfamily

c(z0), b Pointwise probing cost and probing budget

L(¢) Expected post-probing identified-set diameter, Eg[A(zo) —
v(20)$(20)]

A, v*(20) Optimal threshold and boundary-randomisation probability

pY Expected cost of probing all observations

L(0), L*(b) Loss under zero probing and optimal loss at budget b

Table 5: Key notation.
counterparts denote realisations.

Bold lower-case symbols denote random variables or vectors; non-bold

31



A.2 Measurability Preliminaries

Definition A.1 (Completion). Let (2, F, 1) be a probability space and define
Fu=0(FU{NCFE|EcF,uE)=0}).

That is, F, is the smallest o-algebra containing both F and the subsets of p-null sets of F.
Call (2, F,, 1) the completion of (2, F, p).

In the following lemmas, let (€2, F, u) be a probability space, and (X,B(X’)) a Polish
space® equipped with its Borel o-algebra.

Lemma A.1 (Measurable versions). A function f : Q — X is F,-measurable if and only
if there exists an F-measurable function h : Q@ — X such that h = f p-a.s. In particular,
for real-valued functions, if f is bounded or nonnegative then h can be chosen to have the
same property.

Proof. The first equivalence is immediate from Kallenberg (2021, Lemma 1.27). We prove
the additional claim about real-valued f. Suppose that £ < f < u for some ¢, u € R. Then
¢ < h < u p-as., and so the function min{max{h, ¢}, u} is F-measurable, almost surely
equal to f, and satisfies the given bounds. If f is nonnegative, replace h with max{h,0}. [

Lemma A.2 (Measurable envelopes, diameters, and approximate selections). Let I': Q =
X be a nonempty-valued correspondence with an (F ® B(X'))-measurable graph, and f :
Q x X =R’ a bounded (F @ B(X))-measurable function.

(i) Let J = 1. The envelope function fU(w) := SUPger(w) f(w, ) 18 Fy-measurable and
bounded. Hence there exists an F-measurable and bounded function h : Q — R satis-
fying

h(w) = fY(w) p-a.e.

(i) Let J =1. Fize > 0 and let the correspondence I'® : Q = X be defined by

I'(w) := {az eT(w) | flw,z) > sup f(w,2')— a} .

'€l (w)

Then there exists an F-measurable s¢ : Q) — X such that

s (w) € ¥ (w) p-a.e. (6)

8 A separable, completely metrisable topological space.
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(i4i) Equip R7 with a norm || -||. The diameter function

w — dlam”” f({w} X F(w))

is F,-measurable and bounded. Hence there exists a bounded nonnegative F-measurable
function h : Q — R satisfying

h(w) = diam | f({w} x T'(w)) p-a.e.

Proof.

(i)

(iii)

For all t € R,

{we Q| fY(w) >t} ={we Q| there exists z € I'(w) with f(w,z) > t}
= projo(GrI' N f7'(t, 0)),

where projg : © x X — € is the projection mapping of 2 x X onto 2. GrI is
measurable by assumption: GrI" € F @ B(X). The preimage of an open interval under
the measurable function f is F ® B(X)-measurable. It follows that GrI'N f~1(¢,00) €
F ® B(X). The projection of a set in F ® B(X) onto  is measurable in the pu-
completion of F by the Projection Theorem (Aliprantis and Border, 2006, Theorem
18.25). Therefore, {w € Q | fY(w) > t} € F,, for all t € R, and so fU is an F,-
measurable function. Since f is bounded, so too is fU. A function h : @ — R with
the required properties exists by Lemma A.1.

Denote fU(w) := SUPger(w) f(w, ). By Part (i), fY is F,-measurable. Then the
mapping
(w, ) = f7(w) = flw,z)

is F,, ® B(X)-measurable. Thus,
GrI® =GrIN{(w,z) | fY(w) — f(w,z) <e} e Fu®B(X).

It follows that I'* admits an F,-measurable selection sj : 2 — X', by the Aumann
Selection Theorem (Aliprantis and Border, 2006, Theorem 18.26). By Lemma A.1,
there exists an F-measurable s° :  — & that is p-a.e. equal to s, and thus satisfies
the selection condition (6).

Graph-measurability of I' implies graph-measurability of the correspondence w =
I'w) x I'(w), since

Cr(l' xT) = {(w,z,2") | (w, ), (w,2") € GrT} = projj5 (GrT') N proji3 (GrT),
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where proj;, and proj;3 denote the projections onto coordinates (1,2) and (1,3),
respectively. Since f is measurable and norms are continuous, the mapping (w, z, ') —
| f(w,x) — f(w,2’)] is also measurable. Then, by part (i),

Ap(w) := sup )Hf(wﬂv) = fw,2')|| = diam f({w} x T'(w))
z,z' €l (w
is F,-measurable. Since f is bounded, so too is Ay. The existence of a function
h: € — Ry with the required properties is implied by Lemma A.1. O

A.3 Data Coarsening and Partial Identification

Remark A.1 (Assumption conventions). Standing assumptions such as the following are
maintained from the point at which they are introduced, unless explicitly relaxed. This
is distinct from assumptions that are only maintained locally, which are explicitly cited
whenever they are assumed.

Standing Assumption A.1 (Borel measurability). ) and Z are Polish spaces. Unless
otherwise stated: Every Polish space X' is equipped with its Borel o-algebra B(X). If a
probability measure is defined on X, it is understood to be a measure on the measurable
space (X,B(X)). The collection of all such Borel measures on X is denoted P(X’), and is

equipped with the topology of weak convergence.’

Standing Assumption A.2 (Generic outcome-set correspondence regularity). The generic
outcome-set correspondence Y : Z = Y is nonempty- and compact-valued, and has a mea-
surable graph.

Lemma A.3. R(Y,P) is nonempty.

Proof. By Standing Assumption A.2, Y is nonempty- and compact-valued, has a measurable
graph, and maps into a Polish space. It follows that Y admits a P-a.e. measurable selection
s: Z — Y by the Aumann Selection Theorem (Aliprantis and Border, 2006, Theorem 18.26)
and Lemma A.1. Define the pushforward measure R, := (id, s)xP. For all measurable sets
A C Z, Ry(A x)Y) = P(A), so Ry has z-marginal P. And Ry places probability 1 on
{(z,y) | y = s(2)} and thus on {(z,y) | y € Y(2)}. Therefore, Rs € R(Y,P). O

Lemma A.4. R(Y,P) is a convex set. Thus, if 7: R(Y,P) — T is affine, then O(Y,P) is
also a convex set.

Proof. Fix R,R" € R(Y,P) and « € [0, 1], and define R” = aR + (1 — a)R". Then

RIl=aR,+(1-a)R, =aP + (1 —a)P =P,

9The topology of weak convergence is the coarsest topology such that = — fx f dm is continuous for every
bounded continuous function f : X — R.
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and
Ry eY(z)=aR(yeY(z)+(1-a)R(yeY(z)=a+1l-a=1.

Therefore, R” € R(Y,P). The image of a convex set under an affine transformation is
convex. ]

Standing Assumption A.3. The function g : Z x J — R is bounded and measurable.

Definition A.2. Let A : Z — Ry be a bounded nonnegative measurable function such
that
A(z) =diamg({z} x Y (2)) P-ae.

Such a function exists, by Lemma A.2(iii).

Proof of Proposition 1. Let R € R(Y,P). By Lemma A.2(i) applied to g and —g, there
exist measurable g%, ¢V : Z — R satisfying

g"(z) = inf g(z,y), ¢Y(z)= sup g(z,y) P-ae.
yeY (2) yey (2)

Since R(y € Y(z)) =1 and R, = P,

g () = inf g(z,9) <g(z,9) < sup g(z,y)=¢Y(2) Rae.
yeY (2) yeY (2)

Monotonicity of expectations then implies
Ep [9"(2)] <Erly(z,y)] <Ep [¢"(2)] .

Since this holds for every R € R(Y, P),

sup  Er[g(z,y)] < Ep [¢Y(2)], (7)
RER(Y,P)
and
inf E > Ep [¢7(2)]. 8
L rl9(z,¥)] = Ep [g7(2)] (8)
Therefore,

clO(Y,P) C [Ep [¢"(2)] , Ep [¢" (2)]] .
The next step is to show that these bounds are sharp. For each k£ € N, Lemma A.2(ii),

applied to g and —g, gives measurable selections sz, 5, + Z2 — Y from Y such that

1

9(z50(2) 2 "(2) = 7. 9(z5,(2) <g"(2) + P-a.c.

1
k
Define pushforward measures

R = (id, s} ) »P, R, = (id, s, )»P.
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Both have z-marginal P and place probability one on GrY, and so belong to R(Y,P).
Furthermore,

Er: [9(z.y)] = Ep [9(z, 5} (2))] > Ep [¢"(2)] —

and

Er. l9(2.y)] = Ep [9(z, 57 (2))] < Ep [9"(2)] + %

Taking k& — oo and combining with inequalities (7) and (8),

E .y)] =Ep [¢Y(2)], inf E .y)] = Ep [¢%(2)].
wup | Er l9(z,y)] = Ep [g” (2)] reill | Erlo(z.y)] = Ep [g7(2)]
Consequently,
diam ©(Y,P) = Ep [¢"(z)] — Ep [¢"(z)] = Ep [A(z)]. O
A.4 Probing

A randomised probing rule is a countably supported probability distribution over nonran-
domised rules. Write its support as C7, Co, ..., with respective probabilities ¢1, ¢o, . ... Each
randomised rule induces a behavioural probing rule ¢ : Zo — [0, 1], defined by'°

¢(z0) = Y a;1{z0 € Cj}.
j=1

A behavioural probing rule specifies only the marginal probability of probing at each ob-
servation; it does not determine the joint distribution of probing decisions across distinct
values of zg. Under this paper’s assumptions, however, expected loss and expected cost do
not depend on this cross-observation dependence (see Lemma A.8).

Lemma A.5 (Countable representation of behavioural probing rules). For any fixed mea-
surable function ¢ : Zy — [0,1], there exists a countable collection of measurable regions
(C)32, such that

o0

d(z0) = 3 2771{z € Cj) (9)
j=1

for every zg € Zp.

Proof. Every x € [0, 1] admits a binary representation

x = Z 279b;(x),
j=1

10The distinction between randomised and behavioural probing rules parallels that between randomised
and behavioural decision rules in Ferguson (1967, Section 1.5, Definitions 1 and 2).
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where each b; : [0,1] — {0,1} is measurable (Kallenberg, 2021, proof of Lemma 4.21).
Applied pointwise to the values of ¢,

o0

$(20) = > 277b;(6(20)).

j=1
For j € N, define
Cj = {20 € 20| bj(¢(20)) = 1}.

Since both b; and ¢ are measurable functions, C; is a measurable set. The representation
(9) now follows. O

Standing Assumption A.4 (Outcome-set correspondence regularity). Y, 2y, and Z; are
Polish spaces. The pre- and post-probing outcome-set correspondences, Yy : 2o = )Y and
Y1 : 2y X Z; = Y are nonempty- and compact-valued, and have measurable graphs

Gr}/b = {(207y) ’ ye YO(ZO)} € B(ZO X y)7
GrY; = {(zo,zl,y) | RS }/1(20,21)} S B(ZO X J1 X y)

Lemma A.6. For every measurable C C Zy, Yo : Z9 x Z1 = Y is nonempty- and compact-
valued, and has a measurable graph.

Proof. Since Yo (z0,21) € {Yo(20), Y1(20,21)} for all (z0,21) € Z¢ x 21, Y is nonempty- and
compact-valued. The graph of Yo can be decomposed as

Go U G,
where
Go = {(20,21,9) | 20 ¢ C and y € Yo(20)}
and
G1:={(20,21,9) | 20 € C and y € Y1(20,21)}-
Since C' and the graphs of Yj; and Y] are measurable, these sets are also measurable. ]

Definition A.3. Let Ag: Zyp — R> be a bounded nonnegative measurable function such
that
Ao(ZO) = diam g({ZO} X Y()(Zo)) Po—a.e.

Let Ay : Zp x Z1 = R be a bounded nonnegative measurable function such that
Aq(zp,21) = diam g({z0} % Yi(20,21)) Poi-a.e.
Such functions exist by Lemma A.2(iii).

The following lemma is immediate from Definition A.3 and the restriction Yj(zg,21) C
Yo(20)-
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Lemma A.7. Ay,v: Zy — R defined by
A (20) == Eo1 [A1(20,21) | 2o = 20

and
v(z0) == Ao(z0) — A1 (20)

are bounded, nonnegative, and measurable.

Define the loss of a randomised probing rule by
o
L((g;, Cj)321) ==Y, qj diamg ©.(Ye;, Por).
j=1
Lemma A.8 (Loss decomposition). Under Assumption 1,

L((gj, C5)521) = Eo1 [A1(2z0, 21)d(20) + Ao(2o) (1 — ¢(20))]
= —Eg [v(20)¢(20)] + Eo [Ao(20)] -

Proof. Assumption 1 implies

L((g;,C5)521) = ZQjEOI [Ag, (z0,21)] = Eo1

j=1 j=1

ZQjACj (Zo,Z1)] -

The integrand can be written

quACj (2’0,2’1) = qu (A1<Zo,21)1{20 € CJ} + Ao(ZO)l{ZO Q:L C]})

=1 =1

= A1(20,21) Y _ gj1{z0 € Cj} + Ao (z0) (1 =Y gi1{z € oj}) :
=1 =1
Substituting in ¢(z0) = >_72; ¢;1{20 € Cj},
L((g;,C5)721) = Eo1 [A19 + Ag - (1 — )]
=Eo [A1¢+ Ao+ (1-9)]
= —Eo [vg] + Eo [Ag],

where the second equality uses the law of iterated expectations and the third uses v :=
Ao — Zl. ]

Lemma A.9. Let f, : Zg = Rxg and f. : Z0 — Rsg be bounded measurable functions, and
let b > 0. The problem

Zlelg Eo [fu(z0)p(20)]  st. Eo[fe(zo)9(20)] < b (10)
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is solved by a feasible rule ¢* if and only if, for some \* = 0 and some measurable v* :
ZO — [07 1]7

fv(ZO)
fc(ZO)

fv(ZO)
fc(ZO)

¢*(20) =1 { > A*} +7*(20)1 { = X“} Po-a.e. (11)

and

A" (b —Eo [fe(20)9 (20)]) = 0.

Proof. If Eg[f,] = 0 then every feasible ¢ is optimal and satisfies the threshold formulation
and complementary slackness condition with \* = 0 and v* = ¢*. If b > Eg| felyy, >0}] then
the optimal rules are those that take value 1 a.e. on {29 | fy(20) > 0}. Such rules satisfy
the threshold formulation and complementary slackness condition with A* = 0 and v* = ¢*.
Suppose, then, that

0<b< EO[fcl{fv>0}] and Eo[fv] > 0.

Define probability measures P, P, by

p(a) = Bolfedal 1 Eolfilal

EO[fC] ’ EO[fv] .

Denote the corresponding expectations by E. and E,. Then the budget-allocation problem
(10) can be written as

b
sup E,[¢] st. Ec[¢] < AL

This is the most-powerful-test problem solved by the Neyman-Pearson Lemma (Lehmann
and Romano, 2022, Theorem 3.2.1), which says that a rule ¢* is optimal if and only if there
exists a constant \* and a measurable function v* such that

17 fv(zO) > kac(ZO)a
(25*(2:0) = 7*(20)7 fv(z()) = )\*fC(ZO)) Po-a.e.,
0’ fv(ZO) < )‘*fC(ZO)’
and .
REER=TA)
or equivalently,
Eo[fecd™] = 0. O

Proof of Theorem 1. By Lemma A.8, the loss can be written as

L(¢) = Eq [Ao] — Eo [ve] .

The solution set is unchanged if we subtract the constant term Eg[Ag] from the objective.
The problem can then be written as

sup Eg[vé] s.t. Egleg] < 0.
ocd
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Since v is bounded, nonnegative, and measurable by Lemma A.7 in the appendix, and c is
bounded, positive, and measurable by assumption, we can apply Lemma A.9. O

Corollary A.1 (Two-rule randomisation). The boundary randomisation function v* in
Theorem 1 can be chosen to be constant. Accordingly, there exists an optimal rule that can
be implemented by randomising between at most two nonrandomised rules,

¢"=(1-qlc+qle,

for some q € [0, 1], where

<

(7:::<{Zo € 2y

Tc)éjs; > )\*}, C = {zo € 2,

Proof. This follows directly from the proof of the Neyman-Pearson Lemma (Lehmann and
Romano, 2022, Theorem 3.2.1). O

)50,

c(z0) =

Corollary A.2 (Non-randomisation under nonatomicity). Suppose that the restriction of

=1

is nonatomic. Then the optimal rule (4) can be chosen to be nonrandomised; that is, v* :
Zo — [0,1] can be chosen to take values in {0,1} Pg-a.e.

Pgy to the boundary set

{Zo € 2

Proof. Though the result was stated in the notation of Theorem 1, we prove it in the more
general notation of Lemma A.9. We know that problem (10) is solved by a threshold rule
¢* : Zp — [0,1] of the form (11),

¢ (20) =1 {;ZE;E; > )\*} +7*(20)1 {;ZEZ; = )\*} Po-a.e. (12)
We want to prove that there exists a threshold rule ¢! that satisfies
Eo | fe6!| = Eo[feo] (13)
and
Eolf.6'] = Eolfoe'], (14)

and differs from ¢* only in that a {0, 1}-valued function ~ replaces v* in (12). Denote the

A= {fv(ZO) = /\*} .
jL(ZO)
Since ¢* and ¢! agree on A®, it is sufficient to show that the two above equalities (13)

and (14) hold on A. If Po(A) = 0 then ¢* is already nonrandomised and we are done.
Therefore, assume that Po(A) > 0. Let P, and E. be as defined in the proof of Lemma A.9.

boundary set

40



By hypothesis, the restriction of Py to A is nonatomic, and since P, is absolutely continuous
with respect to Py, the restriction of P, to A is also nonatomic. Let

§ = Ec[y"14].

By the intermediate value property of nonatomic measures (Aliprantis and Border, 2006,
Theorem 10.52), there exists a measurable set A" C A such that

Po(A) = 6.
Setting ’}/T = ]-A/7
Eo | fet'1a] = Eo [£r11a] = Eo [fel ] = Eolfe] Pe (4') = Eolf] 8
= Eo[fe] Ec[v"1a] = Eo [fey"1a] = Eo [fed™14].

Moreover, f, = A*f. on A, so
Eo [fv¢T1A] = XN"Eg [fcﬁﬁTlA} = N"Eo [fe¢™1a] = Eo [fug"14]. O

Corollary A.3 (Coarsely targeted probing). Fiz a measurable mapping r : Zy — K C Rk,
Let
O, :={pe®|¢p=for Pg-a.e. for some measurable f: K — [0,1]}.

That is, ®, is the set of probing rules that are almost-surely constant on the level sets of k.
Define
vk (t) := Eolv(zo) | k(z0) = t], ck(t) := Eolc(zo) | k(zo) = t].

Then the problem

inf  L(¢) (15)

1s solved by a pointwise threshold rule of the form

¢*(20) =1 {U“(”(Zog; > /\*} +v*(20)1 {”“E”(ZO); = )\*} Po-a.e.,

cx(k(20 cx(k (20

where v* 1 Zy — [0,1] is almost-surely constant on the level sets of k.

Proof. Fix ¢ € ®,NP,. By definition of ®,, there exists a measurable function f : K — [0, 1]
satisfying

¢(20) = (f o K)(20) Pg-a.e.

By the Doob-Dynkin lemma (Kallenberg, 2021, Lemma 1.14), there exist measurable func-
tions vy, ¢k : KX — R such that

vs(r(20)) = Eo[v(zo) [ o(K)],  cx(h(z0)) = Eole(zo) | o()]  Po-as.,
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where o (k) is the o-algebra generated by x. By Lemma A.8 and the law of iterated expec-
tations,
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Similarly,

Therefore, the coarse-targeting problem (15) can be written as

sup by [0a(t)F(8)] st Enpy len() ()] <D,
reloe

where the supremum is taken over measurable f. Now apply Lemma A.9. O

In some settings there may be multiple constraints on probing. For example, a survey
may have separate constraints on money, interviewer time, and respondent burden. Let
c1,...,¢cK : Zg — R be bounded measurable functions, and let b1,...,bg € R. Denote

Dpyppe = {0 € P|Eo[erd] < b, k=1,...,K}.

The budget-constrained problem of Section 3 is the special case in which K =1,¢; =¢ >0
and by =b > 0.

Corollary A.4 (Multiple linear constraints). Under Assumption 1, the problem

inf  L(¢) (16)

is solved by ¢* € Py, if for some X},..., X5 = 0 and some measurable v* : Zy — [0, 1],

'7bK

K K
»*(20) =1 {v(zo) > Z/\ch(zo)} +7*(20)1 {v(zg) = Z)\ch(zo)} Po-a.e. (17)
k=1

k=1

and
Nk —Eolexs) =0, k=1,...,K. (18)
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Proof. By Lemma A.8, the probing problem (16) can be written as

sup E()[Ud)] S.t. Eo[ckgf)] <bg, k=1,... K. (19)
bed
Suppose that ¢* € &y, ;, satisfies conditions (17) and (18), and that A} > 0 for k =
1,...,J < K. Then the generalisation of the Neyman-Pearson Lemma to multiple null
hypotheses (Lehmann and Romano, 2022, Theorem 3.6.1) implies that ¢* solves (19) among
satisfies these first J
O

rules satisfying the first J constraints. Since every rule in ®;, 5,

constraints and ¢* € @y, ., ¢* is optimal among rules in &, 4,

Ezample A.1 (Fairness and capacity constraints). Let C1,...,Cx C Z; be observable
groups with py := Po(C)) > 0. Then setting

_v(20)1{z0 € Ci}
Pk ’

ck(z0) = by := —ay (20)

imposes minimum probing (by value) within each group:
Eolvd | Chl > ar, k=1, K

Replacing v with ¢ in (20) would instead impose a minimum probing expenditure within
each group; replacing v with a positive constant would impose a minimum probing volume;
replacing it with a negative constant would turn this into a capacity constraint.

Ezample A.2 (Protecting secondary target parameters). Let ¢1,...,9x : 20 X Y — R
be bounded measurable functions and let vy,...,vx : Zg — R>g be the corresponding
marginal-value-of-probing functions. Setting

Ck(Z()) = —'Uk(Zo), bk = —1),5
imposes minimum expected identified-set diameter reductions for each of Er[gx(zo,¥)], k =
1,... K.

Proof of Proposition 2. Expanding the budget set cannot increase the value function,
so L* is weakly decreasing. Fix ¢ € [0,1] and by, by € [0,bY]. If ¢1, ¢ are the optimal rules
at budgets b; and by, respectively, then t¢; + (1 — t)¢2 is feasible at tb; + (1 — ¢)be and
attains loss

tL*(b1) + (1 — t)L*(ba).

Therefore, L* is convex. The untargeted rule ¢ = b/bU is feasible and attains diameter
reduction b%(L(O) — L(1)) so

b
L(0) = L*(b) = 757 (L(0) — L(1)).

If v/c is constant Pg-a.e., then Theorem 1 says that untargeted probing is optimal, so
this holds with equality. Conversely, if this holds with equality then untargeted probing
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is optimal. If b € (0,bY), then the untargeted rule takes values in (0,1) everywhere. But
Theorem 1 says that any optimal rule takes value 1 a.e. on {v/c > A*} and 0 a.e. on
{v/e < A*}. Thus untargeted probing can be optimal only if both sets have probability
zero. It follows that v/c = A* Pg-a.e. Since Eg[v] = L(0) — L(1) > 0 and v = X*c a.e.,
A* > 0. O

Let Q. be the quantile function of v/c under the cost-weighted probability distribution
P. defined in the proof of Theorem 1. Define the corresponding Lorenz curve by

_ foa Qc(s)ds
fol Qc(s)ds
The dual Lorenz curve (Koshevoy and Mosler, 1996),

Lor(a) :

1 —Lor(l — «),

reverses the order of the standard Lorenz curve, ordering v/c from highest to lowest. The
following corollary shows that the maximum fraction of the full-probing gain L(0) — L(1)
that can be attained at budget b € [0,bV] is given by the value of the dual Lorenz curve at
a = b/bY. As a consequence, if one cost-weighted distribution of v/c is more unequal than
another in the sense of Lorenz dominance, a weakly larger fraction of its full-probing gain
will be attainable at every fraction of full-probing cost.

Corollary A.5 (Lorenz representation).
le—Lor<l—£>.
In particular, suppose that j = 1,2 index alternative distributions of (vj(zo),c;(2zo)). Then
Lor; (a) < Lora(a), a € [0,1]
if and only if
14(0) - Li(ah) _ Lo(0) - L3(ab})

L1(0) — Li(1) = La(0) — Ly(1) a € [0,1].

Proof. Consider the measurable correspondence S : Zy = R? which maps zy to the line
segment between (0,0) and (1,v(z0)/c(20)). Lemma A.5 says that ® is the set of all mea-
surable mappings ¢ : Zyp — [0,1], so every measurable selection from S can be written
(¢, pv/c), or equivalently, (1 — ¢, (1 —¢)v/c). Each such selection is a random variable, and
the collection of their expectations is

{(EC[1—¢],EC [(1—¢)%]) ‘qﬁe@}. (21)

By Molchanov and Molinari (2018, Definition 3.1, Example 3.20 and subsequent discussion),
this selection expectation is the lift zonoid of the random variable v(zg)/c(zp) under P,
and thus has lower boundary given by the scaled Lorenz curve

{(o [ @utsras) | a e},
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But

(Ec[l ) E {(1 _ qj)E]) _ (EO[C(blU— ¢)], Eo[v(blU— 45)])
_ (1 ~ Eoleg] L(9) — L(U) ‘

bU ’ bU

Because v > 0, at each b < bV there is an optimal rule that exhausts the budget: L(¢*) =
L*(b) and Eg[cg*] = b. Thus, the lower boundary of the selection expectation (21) is given

by )
{<1—£WL°%;L@v’bemmﬂ}.

A 1-b/6Y
PO _ ™ g as

Then
bU

for all b € [0,bY]. In particular, choosing b = 0 gives

L(0) — L(1 1
O_H0_ [ gy as

Therefore,

The desired identity follows.
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share of full-probing gain

share of full-probing cost
——1—Lori(1—a) ——1—Lorz(1 —a)
Figure 6: Visualisation of Corollary A.5. Plotting the maximal attainable share of full-probing gain,
Eo[v$*]/Eo[v], against the share of full-probing cost, Eglcg*]/Eo[c] = b/bY, gives the dual Lorenz
curve of v/c under zg ~ P.. In particular, if v1/c¢; is more equally distributed than vy/ca, in the

sense that Lor; > Lorg, then vy /co attains a weakly larger share of full-probing gain at every share
of full-probing cost.

A.5 Other Parameter-Metric Pairs

Proof of Proposition 3. Kantorovich-Rubinstein duality (Villani, 2009, Remark 6.5) im-
plies that for any two probability distributions u,v € P(G),

Y

Wiluv) =  sup )‘/gfdu—/gfdv

f€Lip, (G

where Lip;(G) is the space of 1-Lipschitz mappings from G into R. Restricting to those
distributions on G that are the pushforward under g of a distribution in R(Y,P),

diamyy, O4is(Y,P) =  sup sup / fdgsR— / fdg.R

R,R’eR(Y,P) f€Lip,(G) I/G g

= swp sw [Erl(fo9)(z¥)] —Erl(f 0 9)(z.y)]
R,R’€R(Y,P) f€Lip,(G)

= 5w sw  |El(fo)(y) — Erl(fo0)(z Y]
f€Lip, (G) RR'ER(Y,P)

= sup diam{Er[(fog)(z,y)]|R € R(Y,P)}. (22)
f€Lipy (9)

Since f is 1-Lipschitz and real-valued, and g : Z x Y — R is bounded and measurable,
f o g is bounded, measurable, and real-valued. Applying Proposition 1 to the parameter
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Er[(f 0 9)(z,y)] gives
diam {ER[(f 0 9)(z, y)] | R € R(Y; P)} = Ep [As(2)], (23)
where
Ag(z) :=diam(f o g)({z} x Y (2))

up to P-a.e. equivalence. Since f is 1-Lipschitz,
Ag(z) < A(z) P-a.e.

This implies

sup Ep[Af(z)] < Ep[A(z)].
f€Lipy(9)

In fact, this holds with equality, since the identity function is 1-Lipschitz. Combining this
equality with equalities (22) and (23),
diamy, Oqis(Y,P) = sup Ep[Af(z)] = Ep[A(z)].
f€Lip,(G)
For all R,R" € R(Y,P),

| Fr = Frellzr gy = 1Qr — QrllLr(0,17) = Wi(g94R, 94R'),

by Panaretos and Zemel (2019, Section 1.2.3). Taking the supremum over R,R" € R(Y,P)
gives the L! diameter decompositions for the CDF and quantile functions. 0

We can alternatively equip the space of Borel probability measures P(G) with the total
variation (TV) distance,

drv(u,v) == sup |u(B) —v(B)|.
BeB(G)

The TV distance between two distributions is the maximum difference between the prob-
abilities they assign to an event (Gibbs and Su, 2002, p424). It has a coupling character-
isation analogous to the definition of Wasserstein-1 distance, but with the discrete metric
dgiscrete (t, 8) := 1{t # s} replacing absolute distance.

Corollary A.6 (TV diameter decomposition). Suppose that G can be partitioned into A, G\
A € B(G) such that for P-a.e. z, every non-singleton g({z} x Y (z)) intersects both. Then

diamg,,, ©qis(Y,P) = P (A(z) > 0).

Proof.

diamg,,, Ogis(Y,P) =  sup sup |R(g(z,y) € B) —R'(g(z,y) € B)|
R,R'€R(Y,P) BEB(G)

= sup sup  |Er[(1Bog)(z,y)] — Er [(1B 0 9)(2,y)]|
BeB(G) R,R'ER(Y,P)

= sup Ep[diam (1po0g)({z} x Y (2))]
BeB(G)

< P(A(z) >0),
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where the third equality applies Proposition 1. By choosing B = A, the final inequality
holds with equality. O

The Kolmogorov distance on P(G) is
drc(p,v) 1= sup |Fu(t) — Fy(t)].
teR
It is the L>°(G) distance between the corresponding CDF's (Gibbs and Su, 2002).

Corollary A.7 (Kolmogorov diameter decomposition). Suppose that there exists ty € G
such that for P-a.e. z, every non-singleton g({z}xY (2)) intersects both (—oo, tg] and (tg, 00).
Then

diade @dis(Y, P) =P (A(Z) > 0) .

Proof. The proof parallels that of Corollary A.6, using Fr(t) := Egr [(1(—oo,t] o g)(z, y)] O

It follows from Corollaries A.6 and A.7 that if the relevant partitioning condition is
satisfied both before probing and after implementing any nonrandomised probing rule,
then Assumption 1 is satisfied with observation-level contributions 1{Ag(z9) > 0} and
1{A¢c(z0,21) > 0} replacing Ag(zp) and Ac(z0, 21), respectively. The optimal probing rule
is then given by Theorem 1 with

U(Zo) = 1{A0(Z0) > 0} — P01(A1(Z0,Z1) >0 ’ Zy = ZU).

This rule differs from the Wj-diameter rule in that it assigns probing value based only on
the probability of reducing g({zo} x Yp(20)) to a singleton.

Remark A.2 (Failure of additive decomposition under alternative probability metrics). Let
9(z,y) := y, and consider a dataset consisting of exactly two observations with disjoint
outcome sets Y7 := [0, 1] and Y3 := [2,3]. Probing reveals the corresponding outcome ex-
actly. Figure 7 shows the CDF envelopes of the identified set before probing (left), after
probing Y; (centre), and after probing both observations (right). Probing either observation
alone leaves the Kolmogorov diameter unchanged, whereas probing both reduces it to zero.
Thus, the diameter reduction from probing an observation depends on whether the other
observation has been probed, precluding an additive observation-level decomposition. More
generally, if p € [1,00], the L? diameter of the CDF identified set is 2!/P~! before probing,
1/2 after probing either observation, and zero after probing both. For the quantile func-
tion, the corresponding diameters are 1, 2717, and zero. By the quantile representation of
Wasserstein-p distances, these are also the W), diameters of the distribution identified set.
Thus, none of these identified-set diameters admits an additive observation-level decompo-
sition when p > 1.

Lemma A.10. Let R € R(Y,P). Then for every j € {1,...,J},

R(-[Cj) e R(Y,P(-[ Cy)) .
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FR(t)

D=

[Egy SRR ——

Figure 7: Failure of additive decomposition.

Proof.

Ry € Y(z) | C;) = RO € Y(ij%Z €Cy) _ P(p(jj) .

and for every A C Z,

R A < P(A ;
J J

(A]C)). O

Proof of Proposition 4. For j =1,...,J, denote
D; == Ep[A(z) | Gy
Fix distributions R, R’ € R(Y, P). By Lemma A.10, for every j,
R(- | ). R(-| Cy) € REYP(- | C)).

By Lemma A.10, each P(- | C;) is a distribution on Z. Thus, Propositions 1 and 3 with
P(-| C;) in place of P give

d(7f (R),7{ (R')) < diama{r{'(R) | R € R(Y,P)} = D;.

Taking weighted sums,

J
i (T°(R), 7 (R)) < w; Dy,
j=1
and taking the supremum over R,R" € R(Y, P),

J

diamg, , ©,c(Y,P) < Z w;Dj.
j=1

For the reverse inequality, we construct one pair of distributions whose conditional param-

eters approach the component diameters simultaneously. Fix ¢ > 0. Applying Lemma

A.2(ii) to g and —g gives measurable selections s7,sZ : Z — Y from Y such that

g(z,87(2) = sup g(z,9)—¢ P-a.e.
yeY(2)

49



and

9(z,57(2)) < inf g(z,y) +e€ P-a.e.
yeY(2)

Let RY,R- € R(Y, P) place probability 1 on the graphs of s and s_ respectively. Then for
every 7,

Er:l9(z,y) | Cj] — Eg-[9(z,y) | Cj]

>Ep | sup g(z,y) —¢|C; _EP[ inf g(z,y) +¢ Cj]
yeY (2) yeY (2)

=Ep | sup g(z,y) — inf g(z,y)|Cj| —2¢
yeY (z) y€Y (2)

=Ep[A(z) | Cj] — 2¢

= Dj — 2e.

By Kantorovich-Rubinstein duality,

WilgsRE (- | C)guRo (- C)) = \ /g id dgyRH(-| C) — /g id dgyR-(- | C;)
= |Exsl9(2.3) | €3] — Ex-lg(z.3) | G|
2 Dj — 2e¢.
Thus,

[Frs (-1 Cj) = Fr=(- | C)llrg) = 1Qr+ (- | C5) — Qr=(- | Ci)ll L1 (o,1))
= Wi(94RI (-1 Cy), 94RZ (-] Cy))-

Therefore, for all four types of conditional profiles,
J J
diamyg, ,, ©,¢(Y,P) > diy (19(RE), 79(RD)) = > w;D; —2¢ ) " w;.
j=1 j=1
Since this is true for any € > 0,

diamdl’w @Tc (Y, P) = Z ijj'
Jj=1

O]

Proposition A.1 (Linear functionals of conditional-mean profiles). If the target parameter
is a linear functional of the conditional-mean profile with coefficients a1,...,ay € R,

J
7(R) == a;Er[g(z.y) | Cjl,

j=1
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then

J .
diam| ©,(Y,P) = Ep [[d(2)|A(z)],  @(z):= Y 21{z € C}}.

j=1 P

More generally, suppose that the target parameter is a finite profile of such linear functionals,

r(R) = (iakjER[gm) | Cj]>K .

j=1 k=1

Denote

A(z) = (i iz e cj})K

= »j -

and suppose that there is a fized sign pattern o € {—1, 1}K such that, for P-a.e. z,
o®alz) =0 or  o®a(z) <0, (24)

where © is the coordinatewise product and < is the coordinatewise order. Then, for any
weights wi, ..., wg > 0,

diamy.j, , ©-(Y,P) = Ep [[|[a(2)[[1wA(2)] .

Proof. Write

J K T o K
<ZakjER[g<z,y>\cj1) _ (Zml{zecj}gu,y)) _ Ex[i(2)g(z.y)].
k=1 k=1

j=1 =1 Pi
For every = € RE,
K K
|2ll10 =Y wilzk| = senax D WkSkTE = se{H—l%)I(}K(w ©s) ', (25)
k=1 k=1
Thus,
diamy., , ©-(Y,P) =  sup |Er[d(z)g(z,y)] — Er [d(2)9(z,¥)] 10
R,R'ER(Y,P)
= sup max (w© s)" (Er [d(2)g(z,y)] — Er [d(2)g(2,y)])

R,R/eER(Y,P) s€{—-1,1}¥

= max sup  (w©s)" (Er[A(2)g(2,y)] — Er [d(2)g(z, y)])
s€{-1,1}* R R'eR(Y,P)

= diam, {ER [(w ® ) Ta(z)g(z, y)] ) R e R(Y, P)}

= _max 1w 8)Ti(2)|A()] |
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where the final equality follows from Proposition 1. By (25),
|(w© s)Ta(2)] < [[@(z)]1,0-

Under the sign condition (24) there exists a fixed o € {—1,1}¥ that attains this equality
at P-a.e. z. Thus,
(w®o)Ta(z)| = la() |1 P-ae.

and therefore,
diam., , ©,(Y,P) = Ep [[[d(2)1.uA(2)] -

For K = 1, the sign condition is automatic, so the scalar linear-functional result follows
immediately. O

Remark A.3. The sign condition (24) holds, in particular, if all coefficients are nonnegative:
ay; = 0 for every k and j. It also holds for profiles of pairwise contrasts relative to a common
reference group Cg 41, if the reference group is disjoint from the other cells:

7(R) = 0 ® (Erlg(z,y) | Ck] — ERrl9(2.¥) | Cxil)1y, o€ {-1,1}F,
Cxky1NCr=92, k=1,...,K.

This is because

_ 1{z € Cy} _ 1{z € Cg41}
Pk PK+1 ’

(0 ©a(z)) k=1,... K.

If z ¢ Ck41, this is nonnegative for k < K. If z € Ck41, disjointness implies z ¢ Cj for
k < K, so it is nonpositive for every k < K.

When the conditioning events depend only on the pre-probing observation zg, Section
3 implies that the corresponding probing problems are solved by Theorem 1 with v(zg)
replaced by w(zp)v(zp) for a profile target, or by ||d(z0)[/1,wv(20) for a linear-functional
profile target.

A.6 Finite-Population Implementation

Proof of Proposition 5.

(i) Lemma A.8 gives

L(@) = L(¢") = > _ui(¢] — &) (26)
i=1
o (vi —vi) (97 — &) + n Ui(d7 — bi)-

s
I
_

=1
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The second term is nonpositive because ¢ maximises the estimated objective over the

budget set. Thus,

L)~ D6%) < + 3 (vs — 50)(6] — 30
i=1
< lo - 107 -

=1

™ is a threshold plug-in rule of the form

&; ._1{>)\}+%1{W:X},
&

(i) By Lemma A.9, ¢ € [0, 1]

’L

for some A > 0 and 7; € [0,1]. Fix a weakly increasing function i : Ryg — R>g. Then

1 & A

. ; cih (C> (67 = 1)

GRS W (16 B IR}
i=1 i=1 t

The first term is nonpositive because h is nonnegative and gg costs at least as much
as ¢*. The second term is nonpositive because i=1> ¢7 when h(v;/c;) > h(\) and

¢i = 0 < ¢F when h(D;/c;) < h(\). Thus,
7ZCZ < > ¢2 _¢z) X
Subtracting this expression from the right-hand side of (26)
L(9) — L(¢")
1 ~
L ()-8
i=1
1 n
<eli-r (@)

Since h was chosen arbitrarily, this is true for all weakly increasing h : R>o — Rxg

Qsz $Z .

O]

(iii) follows immediately from (ii).

B Diameter as a Proxy for Downstream Regret

The value of data probing may alternatively be measured by how much it reduces down-
stream decision regret. However, if the eventual downstream decision is not known when
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the data are collected—that is, the data may subsequently be used in a variety of ways by
a variety of decision-makers—the identified-set diameter is a natural conservative criterion.
In particular, it can bound the worst-case regret over a collection of downstream decisions.
If this collection is sufficiently rich, the bound is sharp.

Let (7,d) be an ambient parameter space equipped with the metric d. An identified set
is a nonempty, bounded © C 7. A downstream decision problem is a pair (A, ¢;), where
A; is a nonempty action set and ¢; : A; x T — R a loss function. For each 6 € T, the
oracle value of the downstream problem (A;, ;) is

0:(0) = aienjj lj(a,0)
and is assumed to be finite. The minimax-regret (MMR) value of the downstream problem
over an identified set © C T is

i(©) := inf ; -l .
V;(O) alenAj zgg {¢;(a,6) 5](9)}

Collect all potential downstream problems in the set
{(Aj.45) |7 €T}

Then the worst-case MMR value over potential downstream problems is

V(©) = sgg‘/}(@)-

Let C denote some collection of subsets of 7. Consider the researcher’s problem

inf V(0O).

ecC
The following results specify conditions under which diam © provides an upper bound for
V(©), so that minimising the diameter of the identified set is a conservative proxy for
minimising the worst-case MMR value. They also provide more restrictive conditions under

which this bound is tight, so that minimising the diameter of the identified set also minimises
the worst-case MMR.

Assumption B.1 (Uniform equicontinuity of downstream losses). The family {¢;(a,-) |
a € Ajand j € J} is uniformly equicontinuous on 7. That is, there exists a weakly
increasing modulus w : R>g — R>g with lim; 0 w(t) = w(0) = 0 such that for all actions
a € Aj, all decisions j € J, and all parameter values 6,6 € T,

Vj (a7 9) - gj (a7 9,)| < w(d(97 9/))

Proposition B.1 (Diameter bound for downstream regret). Under Assumption B.1, the
worst-case downstream MMR is bounded above by a weakly increasing transformation of
diameter,

V(0) < w(diam ©).
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In particular, if {(A;j,¢;) | 7 € T} is sufficiently rich that for every possible identified set
O € C and every € > 0, there exists j € J satisfying

Vi(©) > w(diam ©) —
then
V(0) = w(diam ©).
Proof. Note first that ¢7(-) inherits the modulus w(-):

Kj(a, 9)

</lj(a,0") +w(d(8,0"))
4(0) <

g]
:(0') +w(d(6,0)).

Fix j € J and d > 0. Choose 6y € © such that

* < i * iy

Choose ag such that
Cj(ao,00) < £5(60) + 5
For any 6 € O,
tj(ao, ) < £;(ao, 90) +w(d(6,00))
45 (00) + 5 i w(d(8,60))
&5

tj(ao, 0) — £5(0) < w(d(0,60)) +

*
J
*
J

By monotonicity of the modulus w,

sup {£;(ao,0) — £;(0)} < (supd(@ 00)> +94
0cO 0cO
w(diam ©) + 4.

Taking § — 0,
and so

O]

The following corollary gives a lower-level condition for J that satisfies the richness
condition required for equality in Proposition B.1.
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Corollary B.1 (Sharpness of the diameter-regret bound). Under Assumption B.1, if w is
continuous and subadditive,'! that is,

w(s+1t) <w(s)+w(t),

and {(A;,4;) | j € J} contains all two-action no-randomisation downstream problems of
the form

w(d(0,00)), a=0,

w(d(0,01)), a=1,

A; :={0,1}, li(a,0) = {

for 6y,01 € T, then
V(©) = w(diam ©). (27)

Proof. First we show that the described two-action problem has a loss that satisfies the
uniform equicontinuity requirement. Fix a € {0,1} and 0,6’ € T. Suppose, without loss of
generality, that d(0,6,) > d(¢',0,). The triangle inequality implies

d(0,0,) — d(04,0") < d(6,6).
Subadditivity and monotonicity of w then imply
w(d(0,0,)) — w(d(04,0") < w(d(0,0,) — d(0,,0)) < w(d(6,0)).
By symmetry in 6 and ¢’,
[4i(a,0) = £;(a,8")] = |w(d(8,0a)) — w(d(0a,0"))| < w(d(0,0)).
Now we prove the equality (27). The first part of Proposition B.1 gives
V(0) < w(diam ©).

We prove the reverse inequality. If diam©® = 0 then this follows immediately from the
nonnegativity of regret. Suppose, then, that diam© > 0. Fix § € (0,diam ©) and choose
0y, 61 € © such that

d(0p,01) > diam © — 4.

The oracle value at 6 € O is
05(0) = min{w(d(0, 60)), w(d(0,61))},
so the regret of an action a € {0,1} at 6;_, is
w(d(0a,01-a)) — w(d(0a,0a)) = w(d(fo,01)) > w(diam © — 4).

Then
V(0) = V;(0) > w(diam © — §).

By continuity of w, taking 6 — 0,
V(0) > w(diam ©).

Together with Proposition B.1, this proves (27). O

1 Hslder continuous functions, for example, have continuous subadditive moduli, w(t) := Ct*, a € (0, 1].
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The following proposition gives a case in which the upper bound w(diam ©) is not sharp,
but there exists a tighter bound that is sharp.

Proposition B.2 (Binary treatment-choice regret identity). Suppose that the downstream
decision is a binary treatment choice problem. The action space is the fraction of individuals
treated, a € [0,1]. The welfare loss associated with treatment fraction a is

ti.1(a,0) = a(t = f(9)),

where t € R is a threshold and f : T — R maps the parameter to a welfare contrast.
Let UC,(T,R) denote the space of uniformly continuous functions mapping T into R with
common modulus w. Suppose that the collection of possible welfare-contrast functions f
ranges over a sufficiently rich subset of UC,(T,R) that for all ©® C T and all € > 0 there
exists a possible f satisfying

diam f(0) > w(diam ©) — ¢.

Suppose that at each fized f, t ranges over an interval containing f(T). Then
— 1
V(O) = Zw(diam 0).

In particular, if T C R, d is absolute distance, and f is known to be the identity function
f(0) :=0, then
1

V(©) =7

diam ©.

Proof. The regret of action a is

(a—1{t < f(O)}) (t = f(0) =a(t—f(0), +(1—a)(f(O)—1),,

where z; := max{z,0}. Define fU(0) := supyeg f(0) and f£(0) := infpep f(6). Suppose
t > fU(©). Then a = 0 is uniformly loss-minimising over 6 € ©, so V; (©) = 0. Similarly,
if t < fL(©) then V; ;(©) = 0. Suppose, then, that t € [f£(0), fU(0)]. By assumption,
there exists a possible t for which this is true. The worst-case regret of action a over € ©
is then

max {a(t — f4(0)),(1 —a) (fY(©) — )} . (28)
If fL(©) = fY(©), then the maximum (28) evaluates to 0, so V; (©) = 0 = % diam f(©) <
sw(diam ©). Now suppose fL(0) # fU(©). The optimal action equalises the entries of the
maximum, giving

oy 1O
9= f(e)  fre)

12Tf w is continuous and subadditive, some sufficient subsets are: the full space UC,, (T,R), which is

the space of all C-Lipschitz functions if w(t) := Ct; a subset containing all functions of the form f(6) :=
w(d(0,00)) for all Oy € T; if T C R, any set of C-Lipschitz functions that contains in particular the mapping
7(0) :=C0.
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so that the MMR value is

L YO) = )t — 11(0)) _ (L diam f(O))?
)=y — ) N diam /(@)

1.
= Zdl&mf(@).

Since ¢ can take any value in the convex hull of f(7), it can, in particular, take the value
2(fE(©) + fY(O)) so that the above inequality holds with equality for some ¢. Thus,

V(O) < i w(diam ©),

where we use that all possible functions f are in UC,,(7,R), so diam f(©) < w(diam ©). The
richness condition means that for all € > 0 there exists a possible f such that diam f(©) >
w(diam ©) — e. Taking ¢ — 0,

V()= i w(diam ©).

The special case in which 7 C R and f(#) := 6 is known follows by noting that then
diam f(©) = diam ©. O

The following proposition gives a case in which diameter also provides a lower bound
on minimax loss, and under additional assumptions, minimax loss is a weakly increasing
transformation of diameter.

Proposition B.3 (Diameter bounds for point estimation). Let © C A C T with ©
nonempty and compact, and let h : R>g — R>o be a weakly increasing function that vanishes
at 0. Let the downstream loss function ((a,8) := h(d(a,8)) be known. Then

V(O) := inf sup{(a,0)
acApco

satisfies
1
h <2 diam @) < V(0) < h(diam ©). (29)
In particular, if T C R, © is a compact interval, and d is the standard absolute distance,

V(©)=h @ diam @) |

Proof. The upper bound is immediate from ¢ = h o d. For the lower bound,

d(0,0) < d(9,a) + d(a,0") < 2supd(a,0)
0cO
by the triangle inequality, so

1
supd(a,f) > - diam ©.
) 2

Monotonicity of h and compactness of © then give the lower bound in (29). For the special
case of an interval identified set on the real line, the lower bound in (29) is attained by
choosing a* := $(inf © + sup ©). O
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C Penalised and Ambiguity-Robust Probing

Penalising probing cost rather than constraining it preserves the pointwise threshold rule,
except that boundary randomisation becomes optional. Moreover, the penalised formula-
tion can incorporate ambiguity—non-probabilistic uncertainty—over probing effectiveness
through a minimax regret (MMR) criterion. The MMR rule compares optimistic and pes-
simistic value-cost ratios with a threshold: probe when both exceed the threshold, do not
probe when both fall below it, and randomise when the threshold lies between them. If
probing rules are restricted to be nonrandomised, the MMR rule retains the threshold form
of the no-ambiguity rule, with marginal value replaced by its midpoint over the ambiguity
interval.

Proposition C.1 (Penalised probing rule). Fiz A > 0. Under Assumption 1, the problem
inf L ME
Inf (¢) + AEole(zo)¢(z0)]

is solved by a rule ¢* if and only if

¢*(20) = 1 {ZE:; > A} (201 {“(ZO) - )\} Po-a.e.,

for some measurable y : Zy — [0, 1].

Proof. Applying Lemma A.8 and subtracting a constant term from the objective gives the
equivalent optimisation problem

sup {Eo [vg] — AEo[cg]},
ped

which can be written as

sup Eg [(v — A\c)@] .
ped

Any solution must maximise the integrand pointwise Pg-a.e., and so must satisfy

1, v(z0) > Ac(z0),
¢*(20) = {0, v(z0) < Ace(z0), Po-a.e.,
7(20), v(20) = Ac(20),

for some measurable function 7 : Zy — [0, 1]. Conversely, any rule satisfying this condition
maximises the integrand pointwise Pg-a.e., and thus maximises the expectation. ]

Suppose the researcher is unwilling to specify a single expected post-probing image
diameter A1 : Z5 — Rsq, or equivalently a single marginal value function v : Z5 — Rxg.
Let V denote a nonempty family of measurable candidate marginal-value functions, each
of which is nonnegative and bounded above by Ag. For each v € V, denote the candidate-
specific loss function,

L(¢;v) := Eg[Ag] — Eo[vg)].
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Assumption C.1 (Endpoint-rectangularity of V). There exist bounded measurable func-

tions

UL,UU 1 20 = Ry

such that for every v € V,
v (20) < v(20) < vY(20) Po-a.e.,

and for every measurable A C 2, there exists a v € V satisfying

U
’ € A7
v (z) = {U (20), 20 Po-a.e.

L(Zo)v 20 ¢ Av

Regret. Fix A > 0. Define the regret of probing rule ¢ under candidate marginal value
function v € V to be

Reg(¢;v) := L(¢;v) + AEocg] — Jnf, {L(¢";v) + NEglcd]} .
The minimax regret probing problem is

inf sup Reg(¢;v).
ped UEB g(¢ )

Remark C.1. The endpoint rectangularity of V implies that the maximum-regret criterion
sup, Reg(¢; v) inherits the additive decomposition of L(¢;v) across observations.

Proposition C.2 (Minimax-regret probing rule). Under Assumptions 1 and C.1, the min-
tmax regret problem

inf sup Reg(¢; v 30
Inf sup g(¢;v) (30)

18 solved by a rule ¢* if and only if

¢"(20) = ¢ WY(20) — Ae(20)

Po-a.e., for some measurable v : Zy — [0, 1].

Proof. By definition of L(¢;v),

L(¢;v) + AEo[cd] = Eo [(Ac — v)o] + Eo [A],
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and so

Reg(¢;v) = L(¢;v) + AEg[co] — mf {L —i—)\Eo[cqﬁ]}
= Eo [(Ac — v) 9] —(;,rgb{Eo[ c—v)¢]}

=Eo[(Ac—v) (¢ —1{Ac—v <0})]
=Eo[(Ac—v)4+ ¢+ (v = Ac)+ (1 - 9)].

Pass to the full-Py set on which v is bounded by v* and vY. The integrand is a convex
function of v(zg), so it is maximised at one of the endpoints v¥(zg), v¥ (). That is,

sup {(Ac(20) = v(20))+ & + (v(20) — Ac(20))+ (1 = 0)}

v(20)€[v* (20),0Y (20)]

= max{(Ae(z0) — v"(20))+ ¢(20), (1" (20) = Ac(20))+ (1 = b(20))}-

Assumption C.1 implies that there is a single v € V that equals v wherever this maximum
is (Ac(z0) —v*(20))+ ¢(20) and vV otherwise. This v attains the pointwise supremum Pg-a.e.
It follows that maximum regret is

sup Reg(¢;v) = supEg[(Ac — v)4 ¢+ (v — Ac)4 (1 — ¢)]
veEV veEV

— Eo[max{(Ac — v)4 6, (0 = Ac)4 (1 6)}].

A rule ¢* minimises this expectation if and only if it minimises the integrand Pg-a.e. This
is the case if and only if it satisfies

(i) ¢*(20) = 1 when Ae(z0) < v¥(20);
(ii) ¢*(20) = 0 when Ac(20) > vY(20);

(iii) and when v%(2) < Ae(20) < vY(20) and v¥(20) < vY(20),

(Ac(z0) — vl (2 ) ¢* (UU — Ac(20)) (1= ¢*(20))
(UU(ZO) — Ac(20) + Ace(z0) — UL(ZO)) " (zo) ’UU(Z()) Ac(zo)
iy Y (20) = Ac(20)
(;5 (ZO)_’UU(Z())—UL(Z[))'
When both inequalities hold with equality, ¢* can choose any value in [0, 1]. O
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probe hedge don’t probe

cumulative cost

Figure 8: Visualisation of Proposition C.2. The optimal rule probes where v* /¢ > \; does not probe
where v¥ /¢ < \; and randomises probing where v’ /c < A < vV /c and v < vV, with probabilities
given by the ratio of v /c — A to vY/c — v¥/c. Where vl = v¥ = A¢, any probing probability is
optimal.

Remark C.2 (Hedging versus boundary randomisation). When X lies between v”(zg)/c(20)
and vY(z9)/c(z0), the maximum regret of probing occurs when v(zg) = v%(z) and the
maximum regret of not probing occurs when v(zg) = vY(29). The minimax regret rule
hedges against these two states by randomising between the optimal action under each.
This differs from boundary randomisation in Theorem 1, which serves only to satisfy the

expected budget constraint.

Corollary C.1 (Non-randomised minimax-regret rule). Suppose probing rules are restricted
to being nonrandomised. Then the minimax regret problem (30) is solved by ¢* if and only

! “(=0)
pMi 20)
W == )\} Po—a.e.,

0™ ()

¢"(20) =1 { e A} +v(20)1 {

for some measurable v : Zy — {0,1} and

. UU(zo) + UL(Z())
Z()) = B .

v

mid(

Proof. The proof differs from that of Proposition C.2 only in the choice set we have for
minimising the final integrand,

max{ (Ae(z0) — v"(z0)), é(z0), (v (20) — Aelz0)), (1 — ¢(z0))}.
Since ¢(z0) € {0, 1}, the integrand is minimised by setting ¢(zp) = 1 if

vU(zo) — Ac(z0) > Ae(z0) — 'UL(ZQ),

62



or equivalently,
oY (20) + v (20)
2
If instead this holds with equality, any choice of ¢(zp) is optimal; if the reverse strict
inequality holds, set ¢(z9) = 0. O

> )\C(ZQ).

D Multivariate random variables

The baseline model assumes that g is real-valued. In some applications, however, g may
take values in R”. For example, the researcher may wish to sharpen identification jointly for
several survey items. I consider two approaches. First, for vector expectations, targeting
a linear functional of the expectation reduces the problem to the scalar case. Second, I
give geometric conditions under which the identified-set diameter induced by an P norm
decomposes into expected image diameter.

The simplest way to accommodate vector expectations is to target a fixed linear func-
tional of the vector expectation,

uTEr[9(2,y)] = Er [uTg(z.¥)] -
Proposition 1 and Theorem 1 can then be applied directly to the real-valued function

(z,9) = u'g(z,y).

Such a functional may represent an additive welfare criterion, a scalar index formed by
summing several items, or a within-person treatment contrast. Geometrically, fixing v fixes
a direction in R’ and measures identification uncertainty by the width of the identified set
for ERr[g(z,y)] in that direction.

Norm-induced diameters avoid fixing a direction of interest in advance. However, be-
cause different outcome-set images g({z} x Y (z)) may attain their diameters in different
directions, identified-set diameter need not decompose into expected image diameter. To
ensure that it does, we require restrictions aligning the direction of diameter attainment
across outcome-set images. Let ¢ : Z x ) — R’ be bounded and measurable, and let

OveelY; P) i= {Erlg(z )] | R € R(Y; P)}.
Equip R’ with a norm || - ||, and define the measurable image diameter
A””(Z) = dlamH” g({z} X Y(Z)) P-a.e.
Such a measurable function exists by Lemma A.2(iii).

Lemma D.1.
diamH.” Ovec(Y,P) < Ep [A”.”(Z)] . (31)
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Proof. Fix R,R" € R(Y,P). By the law of iterated expectations and Jensen’s inequality,

IEr[9(z, ¥)] — Erlg(2,¥)]ll = [|Ep [Erlg(2,¥) | 2] — Ep [Er[g(z,y) | z]]|
< Ep ”ER[g(Z7Y) ’ Z] - ER/[Q(Z,Y) ‘ Z]” :
For P-almost every z, conditional on z = z, g(z,y) is supported on g({z} x Y (z)) under

both R and R’. It follows that both conditional expectations are points in the closed convex
hull of g({z} x Y(z)), which has diameter Aj.(z). Therefore,

|Er[9(2,¥)] — Ere[9(z, y)]I| < Ep [A)(2)] -
Taking the supremum over R, R’ € R(Y,P) gives the result. O

Remark D.1. Inequality (31) may hold strictly. For example, suppose that g(z,y) := y € R?
and P is the uniform distribution on {zg, zp, 2. }. Let Y (2,) be the horizontal line segment
from the origin to (3,0), and Y (25) = Y (2.) the shorter vertical line segment from the origin
to (0,2). The expected ¢? diameter of these outcome sets is 7/3. The identified set for the
expectation is the rectangle [0, 1] x [0, 4/3], which has ¢? diameter 5/3 < 7/3. Under the >
norm the analogous inequality is 4/3 < 7/3. Note that equality holds under the ¢! norm:
Proposition D.2 generalises this observation.

4/3 +

Y(2) =Y (2)

Y (za)

Figure 9: Visualisation of Remark D.1.

Proposition D.1 (¢’ diameter decomposition).

(i) Fiz p € [1,00) and u € R’ with ||ul, = 1. Suppose that for P-a.e. z, there exist
z, 2’ € clg({z} x Y(2)) such that

¥ —x= A, (2)u. (32)
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Then
diam, |, Ovec(Y; P) = Ep [A, (2)] -

(ii) If p = oo, the same conclusion holds under the weaker condition that for some fixed
jre{l,...,J} and every j € {1,...,J},

diam g;({z} x Y (2)) < diam g;+({z} x Y (2)) P-a.e. (33)

Proof.

(i) Let g € [1,00] be such that 1/p+1/q = 1. Since the ¢4 norm is dual to P, there exists
¢ € R’ with
lellg =1, €Tu=Jlul, =1,
by a corollary of the Hahn-Banach Theorem (Megginson, 1998, Corollary 1.9.8). Then,
for P-a.e. z,

A, (2) = A, (2llully = A, (2)€Tu = €7 (2" — ) < diamTg({2} x Y (2)).

Applying Proposition 1 to (z,y) — £ g(z,v),

Ep [A).1,(2)] < Ep [diamTg({z} x Y (2))]
= sup |§T (Er[g(z,y)] — Er'[9(z,y)]) |
R,R"eR(Y,P)
< s |iElly [Erlg(zy)] — Erlg(z y)ll,
R,R’eR(Y,P)

= sup |Erlg(z,y)] — Erlg(z,¥)]lp
R,R'ER(Y,P)

= diamH,”p @vec(x P),

where the second inequality follows from the definition of a dual norm (Aliprantis and
Border, 2006, Definition 6.7). The claim now follows from Lemma D.1.

(ii) Under condition (33),

Ep [ (2)] = Ep [diam g;- ({2} x Y (2))]

= sup |Er[gj*(z,y)] — Er/|gj* (2, ¥)]]
R,R'ER(Y,P)

< sup HER[Q(Zv)’)} - ER’[g(Zvy)]Hoo
R,R’"eR(Y,P)

= diam”,Hoo evec(K P),

where the second equality uses Proposition 1. The reverse inequality follows from
Lemma D.1.

O
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Ezample D.1 (Bounded measurement error). Suppose that p € [1,00) and consider the
bounded measurement error model,

y=y"+e el <r(x),  r(z) =0

If g(z,y) := y, then the outcome-set images are ¢P-balls. Under the ¢? norm, these satisfy
condition (32) for any u with ||ul/, = 1.

For w1, ...,wy >0, let || - |14, denote the (wy,...,w;)-weighted ¢! norm,

J
2l =D wil|
j=1
Proposition D.2 (Weighted ¢! diameter decomposition). Fiz o € {—1,1}. Define the
reoriented mapping h: Z x Y — R’ by
hz,y) =0 ©g(z,y),
where © denotes the componentwise product. Let h* hY : Z — R’ be defined by

h]L(z) = inf hj(z,y), hg-](z) = sup hj(z,y).

yeY (2) yeY (2)
Suppose that
{hE(2),hY (2)} C el (h({z} x Y (2))) P-a.e. (34)
Then
diam”,”l’w eveC(Y, P) = Ep [A””Lw (Z)] .
Proof. The mapping x — o @ x is an isometry for || - ||1,., since
J J
lo©z—00a|hw=Y wlo;l@;—a))| =D wjle; — | = |2 — /|10
j=1 j=1

Thus, by the opposite-corner condition (34),

J
A (2) = Z w; (hY () — hE(2))

=w' (h"(2) = h*(2))
= diamw h({z} x Y (2)).
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Applying Proposition 1 to (z,y) — w' h(z,%),

Ep [A”.HM (z)] = sup |wT (Er[h(z,y)] — Er/[P(z,y)]) |
R,R'ER(Y,P)

J
sup ij Er[h(2,y)] — Er (2, y)]]
RRER(Y,P) =]

N

J
= sup ij |Er[9;(2,y)] — Er[g;(z,y)]|

RRER(YP) i

= diamH'Hl,w @VeC(Y, P),

where the penultimate equality uses that © — o ©® = is an isometry. The reverse inequality
follows from Lemma D.1. O

Ezample D.2. In R?, condition (34) means that one of the following is true:

(i) the closure of almost every outcome-set image contains its north-east and south-west
corners; or

(ii) the closure of almost every outcome-set image contains its north-west and south-east
corners.

Condition (i) is satisfied if the closure of almost every outcome-set image is an axis-aligned
rectangle, a single point, a line segment with nonnegative slope, or any other region that
can be constructed from two ordered points (a,b) < (¢, d) and some part of the axis-aligned
rectangle between them.

Ezample D.3 (Vectors of CDF values). Suppose Y C R and let t; < --- <ty € R. If
9i(z ) == Wy <t}
then, denoting CDF values Fr(t;) := R(y < ¢;),
Er [9(z,¥)] = (FR(t)))]_, -

Every possible realisation of g(z,y) has the form (0,...,0,1,...,1). These vectors are to-
tally ordered with respect to the coordinatewise order, so every outcome-set image contains
its coordinatewise supremum and infimum.

Ezample D.4 (Two interval-valued outcomes). Suppose that g(z,y) ==y = (y1,42), z :=
(ylL,le,yQL,yQU) e R4, ylL < y1 < ygj, and yQL < yo < yQU. If there are no further
restrictions, then the outcome set is the axis-aligned rectangle

Y(z) = [yf o] x [y5. 98],

which satisfies the ¢! condition (34).
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Remark D.2. If the relevant sufficient condition (32), (33), or (34) holds for almost every
outcome-set image both before and after probing, with the same wu, j*, or o respectively,
then Assumption 1 holds for the parameter-metric pair (Er[g(z,y)], | - ||), and Theorem 1
can be applied to obtain an optimal probing rule.

Remark D.3 (Multivariate distributions). Under the hypotheses of either Propositions D.1
or D.2, the identified-set diameter decomposition also holds for distributions under the
Wasserstein-1 distance generated by the corresponding norm on R”. The proof largely
parallels that of Proposition 3: the only substantive change is that the identity function
step must be replaced with an alternative f : R/ — R that is 1-Lipschitz with respect to
that norm, and satisfies

diam(f o g)({z} x Y(2)) > diam. g({z} x Y(2)), P-a.e.

Under the hypotheses of Proposition D.1(i), this is f(x) := "2, with ¢ as constructed
in the proof of that proposition; under the hypotheses of part (ii), this is the projection
f(z) := z+; and under the hypotheses of Proposition D.2, this is f(z) ;= w' (¢ ®z). Unlike
in the univariate case, the W; result does not automatically extend to L'-diameter results
for multivariate CDFs.

E Multiple Alternative Probe Types

The baseline model includes only one probe type. This section extends the model to several
mutually exclusive probe types. Let the available probe types be indexed by

ace A:={0,1,..., A},

where A > 1 and a = 0 denotes no probing. Call a € A an action. Retain the bounded
measurable function g : Zy x Y — R of Section 3. Each action ¢ > 1 returns a refinement
z, € Z, and an outcome set

Yo (20, za) € Yo(20)-

For each a > 1, impose Standing Assumption A.4 with Z; and Y; replaced by Z, and Y,
respectively. Define corresponding measurable image diameters

Au(z0,24) = diamg({z0} x Ya(20,70))s  Ao(z0) = diamg({20} x Yo(z0)).

As in the baseline model, pass to measurable a.e. equivalent versions when necessary. Let
P4 be the joint distribution of (zg,z1,...,2z4), with zg-marginal Py and (zg, z,)-marginal
Poa; denote the corresponding expectations by E4 and Ep,. The researcher need not know
the full distribution P4: the decision-relevant quantities are

V
—_

Au(20) = Eoq [Aa(20,24) | 2o = 20], va(20) := Ao(20) — Aq(20), a
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Each v, is bounded, nonnegative and measurable. Set vy := 0. A probing rule ¢ is a
measurable mapping from Z; into the subprobability simplex

A
Zxa<1}.

a=1

{x e 0,14

Here, ¢, is the probability assigned to action a > 1, and the residual probability ¢g(zp) :=
1= 451 %a(20) is assigned to no probing. Denote the space of all such probing rules by .
The multiple-action counterpart to the baseline model’s loss (3) is

A
L(¢) = EO[AO] —Eo [Z Ua¢a] .

a=1

Action a > 0 has bounded measurable pointwise cost cq(20). Assume c¢4(z0) > 0 for a > 1
and set ¢g = 0. For b > 0, &, collects the probing rules satisfying the expected budget

A
Eo [Z ca<z>a] < b.
a=1

The following result is a multiple-action analogue of Theorem 1.

constraint

Proposition E.1 (Optimal probing with multiple probe types). The problem

10

18 solved by ¢* € Oy, if and only if, for some A* > 0,

dn(20) >0 = a € argmax {vy(z0) — ANcar(20)}, (35)
a’eA

for every a € A and Pg-a.e. zg, and

A
A (b — Eo [Z cacb;]) =0. (36)
a=1

Moreover, ¢* can be chosen so as to randomise between at most two nonrandomised rules.

Proof. First, we prove the existence of a rule satisfying (35) and (36) that mixes between
at most two nonrandomised rules. For A > 0, define

F020) = ma{va(20) — Aca(20)}

and
b+ E A, , A=0,
ny o [P0 B0l o)
400, A<O.
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Since ¢p = vp = 0, we have h(X) > Ab, so the lower contour sets satisfy

(VER |V <1} C [o;j £>0.

For A\, \ >0,

[f(X 20) = F(N, 20)] = max {va(20) — Aca(20)} — max {var(20) = Nea(20) }
< max [{ (N = Aea(20) |

=[x=N . 37
| ’I;IGEE({C (ZO)7 ( )
so that
[h(A) = h(X)] < [X = N[b+Eo|f(A 20) — f(N,20)]

<IN=N[(b+E . .
=1 (0o gt

Thus, h is (Lipschitz) continuous, and in particular lower semicontinuous, on [0, 400).
Together with h(A\) = +oo for A < 0, this implies that h is lower semicontinuous on R. It
follows from Rockafellar and Wets (1998, Theorem 1.9) that h attains a minimum at some
A* > 0. Since A is finite,

2o = arg max{vg(20) — A*cq(20)}
acA

is nonempty-valued. Let a” aV : Z5 — {0,..., A} select the lowest-cost and highest-
cost elements of this solution correspondence, respectively; break cost ties by choosing the
lowest-index action. They are measurable selections since each of their level sets is defined
by finitely many comparisons between measurable functions: first v, — A*¢q, then ¢,, and
finally between indices. Let ¢” and ¢V be the corresponding deterministic probing rules,
and write

bL = Eo |:CaL(z0) (Zo)} 5 bU = Eo [CaU(zo)(ZO)} .
Fix zp and define f,, : R = R by

FaoN) = £ 20) = max{va(z0) = Aea(20)}-

For each fixed pair (a, zp), A — v4(20) — Acq(20) is affine. Danskin’s Theorem (Bertsekas,
2009, Proposition A.3.2(b)) therefore implies that f., has subdifferential

8f-0(N) = cony {—cm)

= [a—fzo ()‘)7 O+ [ (/\)] )

a € arg max{vy (20) — Acyr (zo)}}
a’eA
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where the endpoints of the interval are the left and right derivatives of f,, at A. It follows
that

O—fa(N") = —cu(z)(20); 04 fz(X) = —car(20)(20)-

By the Lipschitz bound (37), for all k& € N, the quotient is dominated by an integrable
function:

F N+ £, 20) — F (A, 20)

1
k

< .
< max cq(20)

Hence, by the Dominated Convergence Theorem (Aliprantis and Border, 2006, Theorem
11.21),

* 1 *
Eo [0+ f20(X")] = Eo [,;gm S+ po20) = S (A ,zw]

x|

— lim E, [f (A + %Jol) — f()x*,zo)]
k—oc0 1

= lm Eol/f (A" + %, Zo)l] — Eolf (A*,Zo)].
— 00 E

The last expression is the right derivative of X\ — Eg [fz,(A)] at A*, so
01 h(X*) = b+ Eq [0 fay (\*)] = b — Eo[Cr (5)(20)] = b — b". (38)

An analogous argument gives
O_h(\)=b—bY

for \* > 0.

If indeed A* > 0, then it is an interior minimiser of a convex function A so

O_h(\*) <0 < s h(\Y),

and thus
bt < b <Y,
Set .
b—b L 4 U
t:=< bV —pL’ br £,
0, bl =Y,
and

¢* = (1—t)p" +tov.

This is a measurable probing rule that mixes between the two nonrandomised rules ¢* and
Y. Tt is supported on

{a¥(2),a% (20)} C argergax{va(zo) — XN¢a(20)},
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thereby satisfying the support condition (35). When ¢ = 0 it has cost b” = b; when ¢ > 0 it
has cost

(1 —t)or + bV =X + (Y —bl) =bl +b— bl =b.
Therefore, it also satisfies complementary slackness (36).

Suppose instead that A* = 0. Since h attains a minimum at 0, 9+ h(A*) > 0 so expression
(38) implies that b” < b. Hence ¢¥ is feasible. Since \* = 0, complementary slackness is
immediate and ¢ deterministically chooses an element of arg max, v,(zo) at each zg, so ¢*
satisfies the support condition (35).

Now, we prove necessity and sufficiency of (35) and (36) for optimality. For any ¢ € ®,

A A A
Eo [Z Ua¢a] = )\*EO [Z Ca¢a Z(Ua - Xkca)qsa]

a=0 a=0 a=0

+ Eo

<N+ E L
+ O[Iangi({v c}]

If ¢* satisfies (35) and (36), then this inequality holds with equality for ¢*. Thus, for every
¢ € (I)ba

A A
Eo [Z vma] <Eg [Z vacbii] :
a=0 a=0

so ¢* is optimal. Moreover, in the first part of this proof we constructed a rule that satisfies
(35) and (36). Let ¢* now denote this rule, which we now know is optimal. If ¢f € ® is
any other optimal rule, then L(¢') = L(¢*), so

Zvaqﬁ ] = X"Eg [Z ca}

< A+ Ep {max {vg = \* ca}] =Ey

A

Eo + Eo Z o — Ncq) qﬁ]

=0
A
Zva%] = Eo [Z vmll :
a=0

Therefore, the middle inequality must hold with equality, implying that (35) and (36) must
be satisfied by ¢ at \*. O

Remark E.1 (Pointwise-dominance reduction). Suppose that, at Pp-almost every zp, there
is an action a > 1 that is weakly dominant among the positive actions a’ > 1: a has weakly
lower cost ¢, (20) and weakly greater marginal value v,(zp) than every other a’ > 1. Then
the problem reduces to the binary probing problem where the probe at almost every zg is
a dominant positive action at that 2y, breaking ties using any measurable convention.

Remark E.2 (Probing possibility frontiers). At each fixed zp, the set of cost-value pairs
attainable by randomising among actions is

conv{(cq(20),v4(20)) | a=0,1,..., A}.
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Proposition E.1 says that any optimal rule maximises (¢,v) — v — A\*¢ over this set, for
Po-a.e. zp. This optimum is attained on the upper frontier of the convex hull (see Figure
10).

va(20)

0 ¢a(20)

Upper frontier
—————— v=MANc+k
Figure 10: Probing possibility frontier at zy. Action as is dominated by a mixture over a; and as.

Every point on the frontier can be attained by mixing over at most two actions. In this case, v — A*c
is maximised at a3, so the optimal rule deterministically selects az at zg.
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